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ABSTRACT 


A  dynamic  pressure  decaying  exponentially  with  time, 
whose  analytic  representation  in  terms  of  non-dimensional 
quantities  is: 

P  =  P0e~T      (t  >  0)  , 

and  whose  peak  value  p0  is  larger  than  the  static  collapse 
pressure  ps ,  is  applied  uniformly  throughout  a  spherical 
shell  made  of  rigid-perfectly  plastic  material.   The  problem 
is  to  determine  the  final  deflection  of  the  shell  for  a 
given  yield  surface,  the  shell  has  no  holes  and  is  simply 
supported  at  the  outer  edge. 

Three  approximate  yield  surfaces  have  been  used:   the 
two-moment  limited  interaction  (HS) ,  the  uncoupled  square 
(SS)  and  the  uncoupled  diamond  (DS)  yield  surfaces. 

For  each  yield  surface  selected,  the  static  collapse 
pressure  is  first  determined  both  for  simply  supported  and 
clamped  edges.   In  the  dynamic  problem,  the  shell  is  simply 
supported. 

The  first  part  deals  with  shallow  shells.   With  the 
(HS)  and  (SS)  yield  surfaces,  solutions  for  three  ranges  of 
pressure  have  been  obtained.   With  the  (DS)  yield  surface, 
solution  for  one  range  of  pressure  has  been  obtained. 

The  second  part  deals  with  deeper  spherical  caps.   For 
all  three  yield  surfaces,  only  solutions  for  one  range  of 
pressure  have  been  obtained. 

For  shallow  shells ,  graphs  giving  maximum  central 
deflection  and  energy  absorbed  as  functions  of  the  pressure 
difference  pQ-ps  and  maximum  central  deflection  as  functions 
of  energy  absorbed  are  also  presented. 
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NOTATION 


Global  and  Local  Coordinates  of  the  Reference  Surface 

Fig.  1 


Oz:   Axis  of  symmetry. 
M:   Generic  point  on  the  reference  surface,  which  is  the 
mid -surface  for  a  homogeneous  shell  of  constant 
thickness . 

Distance  from  M  to  the  axis  of  symmetry  Oz. 
Distance  from  M  to  the  tangent  plane  at  the  apex  0. 
Unit  normal  to  the  reference  surface,  positive  inward 
Unit  tangent  to  the  meridian  at  M,  pointing  away  from 
the  apex  0 . 
Unit  tangent  to  the  parallel  at  M. 

fce  "  S  x  n 

U,:   Displacement  component  in  the  t,  direction. 
U  :   Displacement  component  in  the  n  direction. 


r : 


n 


'♦ 


"9 


n 
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A:   A  reference  length. 


T  :   A  reference  time. 
o 


U, 
v  =  —:   Non-dimensional  meridional  component  of  the 


A 


A 

z_ 

A 

)v_ 
9t 


displacement. 


U 
w  =  — :   Non-dimensional  normal  component  of  the  displace- 
ment. 
t:   Time  variable. 


t  =  — :   Non-dimensional  time  variable. 
o 


r 

x  =  — :   Non-dimensional  space  variable. 


2 

y  =  — :   Non-dimensional  space  variable. 

v  =  ^-:   Non-dimensional  meridional  component  of  the 
velocity . 


w  =  7T--:  Non-dimensional  normal  component  of  the  velocity. 

Qq:  Non-dimensional  strain  rate  in  the  tfi  direction. 

•  -> 

e^:  Non-dimensional  strain  rate  in  the  tx    direction. 

•  -> 

kg:  Non-dimensional  curvature  rate  in  the  tQ  direction 

•  -> 

k.:  Non-dimensional  curvature  rate  in  the  t,  direction 


reference 

trface 


Fig.    2b 


Local    Stresses 


0 


♦' 


1  x  • 

n<p 

2H: 


Membrane  stress  in  the  ta  direction 

-> 
Membrane  stress  in  the  t,  direction 


* 


Transverse  shear  stress. 


Shell  thickness 


£ :   Distance  from  a  point  of  the  shell  to  the  reference 

surface,  positively  inward. 

For  thin  shell,  for  which  =—  <<  1,  where  R   is  the 

R  p 

P  * 

smaller  principal  radius  of  curvature  of  the  reference 

surface,  the  stress  and  moment  resultants  per  unit 

length  are: 


Ne  = 


+H 


-H 


aQd?    , 


+H 


-H 


%d?    ' 


S  = 


+H 


-H 


n<j> 


M   = 
n  0 


+H 


-H 


a0?dC   , 


<P 


+H 


-H 


%W5 


a  :   Yield  stress . 
o 

N  :   a   x  2H 
o     o 


M  :   a  H 
o    o 
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N0 

na  =  rr— :   Non-dimensional  stress  resultant  in  the 
6    N 


N4> 


tfi  direction. 


n,  =  —-'•      Non-dimensional  stress  resultant  in  the 
<J>    N 


o 


t,  direction. 


S 

s  =  rr— :   Non-dimensional  transverse  shear  stress 


N 
o 


Me 


resultant. 


J^n  =  77--      Non-dimensional  moment  resultant  of  the 
d    M 
o 

a  ..-stresses . 

Ma" 

m,  =  ~:   Non-dimensional  moment  resultant  of  the 


(J)    M 
o 


a  , -stresses . 
0 


D.  , :   Rate  of  internal  energy  dissipation. 
D    :   Rate  of  external  energy  input. 


D 


int 


int     2ttN  A2 
o 


Non-dimensional  rate  of  internal  energy 


T       dissipation. 
o  r 

D       . 
•  ext 

d  =   —x   XT    r-g — :      Non-dimensional    rate   of   external    energy 

ext  2ttN   A2  vj 

o 


T  input . 

o  r 

p:   Surface  density  of  the  shell  material. 

P:   Applied  external  pressure,  in  the  normal 

direction. 

AP 
p  =  rj— :   Non-dimensional  pressure  applied  exter- 

o 

nally  in  the  normal  direction. 

s:   Non-dimensional  applied  traction  at  the 
edge,  in  the  n-direction. 


14. 


n.:   Non-dimensional  applied  traction  at  the  edge, 

in  the  t .-direction, 
m, :   Non-dimensional  applied  moment  at  the  edge. 

Y  =  ;-,  m'  ■> '-      Non-dimensional  surface  density  of  the  shell 
'NT2  -* 

o   o 

material . 
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1.  INTRODUCTION 


The  first  paper  on  the  dynamic  plastic  behavior  of  a 
beam  was  published  in  the  early  50' s  by  E.  H.  Lee  and 
P.  S.  Symonds  [1].   In  this  problem  and  in  those  by  sub- 
sequent authors  [2/  etc.],  the  material  is  assumed  to  be 
rigid  perfectly  plastic  and  the  vibrations  of  the  struc- 
tures are  neglected  so  that  the  problem  of  unloading  has 
not  to  be  considered.   These  assumptions,  which  simplify 
problems  considerably,  do  not  introduce  important  errors 
in  many  cases,  since  on  the  one  hand  dynamic  energies  are 
sometimes  much  larger  than  the  elastic  energy,  and  on  the 
other  hand  the  active  duration  of  a  pressure  pulse  is  often 
much  smaller  than  the  corresponding  natural  time  period  of 
the  structure. 

Theoretical  investigations  into  the  dynamic  behavior 
of  axisymmetric  plates  and  shells  were  initiated  with  a 
paper  published  on  circular  plates  by  H.  G.  Hopkins  and  W. 
Prager  [3].   Various  boundary,  geometrical  and  loading  con- 
ditions have  been  considered:   H.  G.  Hopkins  and  W.  Prager 
solved  the  problem  of  simply  supported  circular  plates 
under  uniform  dynamic  load  of  rectangular  profile  [3] ;  A. 
J.  Wang  gave  a  solution  of  simply  supported  circular  plates 
under  impulsive  loading  [4].   Recently,  M.  F.  Conroy  pub- 
lished a  paper  on  simply  supported  circular  plates  due  to 
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dynamic  circular  loading  [16].   The  problem  of  clamped 
circular  plates  was  treated  by  A.  J.  Wang  and  H.  G.  Hopkins 
for  impulsive  load  [5]  and  by  A.  L.  Florence  for  a  uni- 
form rectangular  pulse  load  type  [6].   A.  L.  Florence  also 
solved  the  problem  of  clamped  plates  subjected  to  a 
rectangular  pulse  load  type  uniformly  distributed  over  a 
central  circular  area  [7] .   The  problem  of  an  annular  plate 
clamped  along  its  inner  edge  and  free  along  its  outer  one 
and'  subjected  to  impulsive  load  was  examined  by  G.  S. 
Shapiro  [8] . 

In  all  these  problems,  the  maximum  displacement  was 
supposed  to  be  infinitesimal  so  that  the  strain  rate- 
velocity  relations  are  linear  and  only  the  bending  moments 
are  considered  to  be  important.   N.  Jones  examined  the 
problem  of  finite  deflection  of  simply  supported  circular 
plates  under  impulsive  load  and  developed  a  theoretical 
procedure  which  retains  both  membrane  forces  and  bending 
moments  [9].   The  solutions  compare  favorably  with  some 
experimental  results  on  simply  supported  circular  plates. 

Although  the  behavior  of  circular  plates  has  been  con- 
sidered in  some  detail,  there  are  few  solutions  available 
for  the  axisymmetric  behavior  of  shells.   P.  G.  Hodge 
studied  the  rigid  plastic  behavior  of  an  infinitely  long 
cylindrical  shell  reinforced  with  equally  spaced  rigid  rings 
uniformly  loaded  with  a  rectangular  pressure  profile  [10] . 
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Another  paper  by  P  .  G.  Hodge  with  a  numerical  solution, 
examined  the  influence  of  blast  characteristics  on  the 
final  deformation  of  circular  cylindrical  shells  [11]  . 

In  plasticity,  the  choice  of  a  yield  surface  is  of 
crucial  importance.   In  most  of  the  problems  dealing  with 
plates,  the  Tresca  yield  surface,  because  of  its  simplicity, 
has  been  adopted.   However,  for  shells  the  Tresca  yield 
surface  becomes'  quite  complicated.   Although  Tresca  yield 
surface  for  axisymmetric  shells  has  been  developed  by  E.  T. 
Onat  and  W.  Prager  [12] ,  it  has  been  used  rather  as  a 
reference  surface.   To  make  shell  problems  tractable  anal- 
ytically, some  simplified  yield  surface  must  be  devised. 
In  static  plasticity,  the  general  theorems  of  limit  analy- 
sis allow  one  to  bracket  the  exact  value  of  the  collapse 
pressure  and  to  evaluate  the  degree  of  accuracy  of  an 
approximate  yield  surface.   P.  G.  Hodge  and  B.  Paul  have 
considered  the  influence  of  approximate  yield  conditions  in 
the  dynamic  behavior  of  a  simply  supported  cylindrical  shell 
subjected  to  uniform  pressure  pulses  having  various  pro- 
files [13].   Although  they  made  some  useful  suggestions,  no 
general  theorems  corresponding  to  the  limit  theorems  have 
been  established  with  respect  to  the  predictions  of  approx- 
imate yield  surfaces . 

The  spherical  shell  which  has  two  equal  curvatures  is 
the  next  shell  geometry  that  was  considered.   R.  San- 
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karanarayanan  obtained  the  solution  to  the  problem  of 
spherical  cap  subjected  to  uniform  dynamic  load  which  decays 
exponentially  [14]  or  has  a  rectangular  profile  [15].   The 
results  obtained  are  involved  and  a  numerical  approach  had 
to  be  used  to  examine  the  question  of  admissibility. 

It  has  been  observed  in  elasticity  that  problems  are 
usually  simpler  when  analyzed  as  shallow  shells  and  that  the 
results  obtained  may  give  some  indications  of  the  correspon- 
ding behavior  of  deep  shells.   This  study  starts  with 
dynamic  plasticity  of  shallow  spherical  shells.   Analytical 
procedures  have  been  used  as  far  as  possible  and  three 
kinds  of  yield  surfaces  have  been  used,  of  which  two  only 
give  distinct  solutions.   Then  general  shells  have  also 
been  examined.   The  solutions  obtained  are  complicated,  for 
in  the  cases  of  plates,  except  for  [9],  and  of  cylindrical 
shells,  there  are  two  general  stresses  and  one  velocity  com- 
ponent, for  which  there  is  one  equilibrium  equation;  the 
other  two  equations  can  be  found  from  the  yield  surface  and 
the  flow  rule.   In  the  case  of  spherical  shells,  there  are 
five  general  stresses  and  two  velocity  components,  for  which 
there  are  three  equilibrium  equations  and  the  other  four 
equations  can  be  found  from  the  yield  surface  and  the  flow 
rules.   It  is  obvious  that  difficulties  increase  with  the 
number  of  unknowns  and  the  order  of  the  equations. 
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2.  SHALLOW  SPHERICAL  SHELLS 


2 . 1   General  Relation s 

2.1.1   Strain  rate-velocity  relations 

For  rotationally  symmetrical  shallow  shells  [17] 

loaded  symmetrically,  the  relations  between  the  generalized 

2 
strain  rates  and  velocities  when  it  is  assumed  that  y1   <<1/ 

max 

y'  being  the  slope  of  the  meridian  of  the  shell,  are: 

.   =  V_-_yV     (2#1-1-1) 

6       x 


.  w1  +  y"v 
-h  ■* 


(2.1.1.2) 


e     =   v'  -  y"w    (2.1.1.3) 


kA  =  -h(w'  +  y"v) '    (2.1.1.4) 


with   (  ) 


d(  ) 
dx 


M 


and   h  = 


AN 


(2.1.1.5) 


Fig.  3d 


\AIEU 


Fig.  3a 
Positive  Sense  of  Moment 


m 


* 


nA   Fig.  3c 


Fig.  3b 
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In  this  case,  the  reference  length  A  is  the  base  radius 
R  of  the  shell: 

A  =  R 

Then,  from  (2.1.1.5)  page  19: 

M 

h  =   ° 


RN 
o 


.    _H_  (2.1.1.6) 

n    2R 


2.1.2   Equilibrium  Equations 

Using  the  results  from  [17]  for  shallow 
symmetrical  shells  loaded  symmetrically ,"  and  with  some  mod- 
ifications to  include  the  inertia  terms,  the  rates  of 
internal  energy  dissipation  and  external  energy  input  are: 


mt 


d   . 
ext 


(nnen  +  n,e,  +  mnkn  +  m,k,)xdx 
o  6     9  9     oo     99 


■  ..  • 

[x(p   -  yw)w  +  x(p,  -  v)v]  dx  + 

>   _.n  _  .      _   . 
[x(sw  +  n  v)  -  hm  (w '  +  y"v)  ] 


p   and  p ,  are  respectively  the  normal  and  meridional 
components  of  the  applied  load. 

With  eQ,  e,,  kQ/  k   from  (2 . 1. 1. 1) -  (2 . 1. 1 . 4)  page  19 
and  applying  the  principle  of  virtual  velocity,  we  obtain 
the  following  equations  of  equilibrium: 


4 
xs  =  h  [xm  )  '  -  m„]  -  2hp,x  +  -~    yh2ft,x 
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(xn  ) '  -  nQ  -  y" (xs)  +  p^x  =  xyv 
y" (xn.)  +  y'nQ  +  (xs)1  +  pnx  =  xyw 

•  •  • 

where  ft ,  =  w1  +  y"v  is  the  rate  of  slope  change  or  angular 

velocity.   ft,  has  a  sense  of  rotation  contrary  to  the  sense 

4 
of  positive  m,  and  the  term  -x-  yh2ft,  =  -i(-fti)  where  i  is  the 

non-dimensional  moment  of  inertia  of  unit  area  of  the  shell 

with  respect  to  the  reference  surface,  represents  the  rotary 

inertia . 

If  the  load  is  applied  only  in  the  normal  direction  as 

a  pressure  load,  and  which  is  our  case,  we  have:   p   =  0, 

p  =  p  ,  and  if  the  rotary  inertia  is  neglected,  then: 

xs  =  h[  (xm.)  '  -  mj  (2.1.2.1) 

(xn  ) '  -  nfl  -  y"(xs)         =  xyv  (2.1.2.2) 

y" (xn.)  +  y'n   +  (xs) '  +  px  =  xyw  (2.1.2.3) 

For  a  shell  without  a  hole,  simply  supported  at  the 
edge  x  =  1,  and  made  of  isotropic  material,  we  have  the 

following  boundary  conditions : 

At  x  =  0: 

From  isotropy  consideration: 

ne  =  n4>  '  me  =  m4> 

From  symmetry  consideration: 

s  =  0 

v  =  0   ,   w*  =  0      or  there  will  be 

a  hinge 
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At  x=l: 

For  simply  supported  edge,  not  free  to  move: 

mA  =  0 

w  =  0   /   v  =  0      or  there  will  be 

a  hinge 

The  initial  conditions  are: 

t  =  0   ,   v  =  v  =  0   ,   w  =  w=0 

2.1.3   Yield  Surfaces 

E.  T.  Onat  and  W.  Prager  have  developed  a  yield 
surface  for  a  rigid  perfectly  plastic  material  that  obeys 
Tresca's  yield  condition  [12].  The  complexity  of  the  equa- 
tion defining  the  yield  condition  is  such  that  considerable 
difficulty  may  be  expected  in  the  solution  of  all  but  the 
most  trivial  of  problems.   Therefore  simpler  approximate 
yield  surfaces  have  to  be  devised.   Three  approximate  yield 
surfaces  will  be  used  in  this  study.   These  are:   the 
two-moment  limited  interaction  proposed  by  Hodge  [17] ,  the 
uncoupled  square  yield  surface  which  is  a  simplified  version 
of  the  former  and  the  uncoupled  diamond  yield  surface 
proposed  by  N.  Jones. 
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Two-Moment  Limited-Interaction  Yield  Surface 
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Uncoupled  Square  Yield  Surface 
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Fig.  6a  Fig.  6b 

Uncoupled  Diamond  Yield  Surface 
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The  Hodge  and  Jones  yield  surfaces  allow  interaction 
between  force  and  force  or  moment  and  moment  but  consider 
interaction  between  force  and  moment  to  be  of  limited 
importance.   These  yield  surfaces  and  the  planes  that  define 
them  and  the  normality  requirements  on  the  associated  gen- 
eralized strain  rate  vectors  are  presented  in  the  following 
tables . 

Table  2.1.3.1 

Two-Moment  Limited-Interaction  Surface  [17] 

Face        Equation         Strain  Rate  Vector 
(ee,  ey,  &q,  ft <j)) 

y(i, 0,0,0) 
y(o,  1,0,0) 

y(-l, 1,0,0) 
y.(-l,  0,0,0) 
y(0, -1,0,0 
y(l, -1,0,0) 

y(o, 0,1,0) 
y(o, 0,0,1) 

y(0, 0,-1,1) 
y(0, 0,-1,0) 
y(0, 0,0,-1) 
y(0, 0,1,-1) 


1 

ne 

=  l 

2 

n* 

=  l 

3 

-ne+n<f> 

=  l 

4 

"n9 

=  l 

5 

9 

=  l 

6 

ne-n<D 

=  l 

7 

me 

=  l 

8 

=  l 

9 

-mQ+m , 
y      9 

=  l 

0 

"me 

=  l 

a 

=  l 

e 

me"m9 

=  l 

Table  2.1.3.2 


Uncoupled  Square  Yield  Surface 
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Face 


Equation 


Strain  Rate  Vector 

•        •        •        • 

(ee'  e<j>'  ke'  k(j)) 


1 

ne 

=      1 

2 

n* 

=      1 

3 

"ne 

=       1 

4 

=      1 

5 

mQ 

=      1 

6 

=      1 

7 

~me 

=      1 

8 

"mA 
<P 

=      1 

yd, 0,0,0) 

11(0,1,0,0) 

U(-l, 0,0,0) 

U(0,-1,0,0) 

11(0,0,1,0) 

11(0,0,0,1) 

y(0,0,-l,0) 

11(0,0,0,-1) 


Table  2.1.3.3 


Uncoupled  Diamond  Yield  Surface 


Face 


Equation 


Strain  Rate  Vector 

•        •        ■        • 

(ee'  ec{)/  ke'  V 


1 

v% 

ss 

1 

2 

-v% 

= 

1 

3 

"n0-n(j) 

= 

1 

4 

nQ-n$ 

= 

1 

5 

me+I% 

= 

1 

6 

-me+m4, 

= 

1 

7 

-m0"mc{) 

= 

1 

8 

me-nu 

=3 

1 

y  (i,i,o,o) 

U(-l, 1,0,0) 
U(-1,-1,0,0) 
U  (1,-1,0,0) 

y(o, o,i,i) 

p(0, 0,-1,1) 
U(0, 0,-1,-1) 
p(0, 0,1,-1) 
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Let: 

p    =  static  collapse  pressure  of  a  shallow  spherical 
shell  structure  according  to  the  Tresca  yield 
surface . 

p    =  static  collapse  pressure  of  a  shallow  spherical 
shell  structure  according  to  the  two-moment 
limited-interaction  yield  surface. 

p    =  static  collapse  pressure  according  to  the  uncoupled 

S  O 

square  yield  surface. 
p'   =  static  collapse  pressure  according  to  the  uncoupled 

O  i-J 

diamond  yield  surface. 

Then  according  to  the  theorems  of  limit  analysis 
(e.g.,  P.  G.  Hodge  [18]) ,  we  can  construct  the  following 
bounds : 

°-618  PSH  1  PsT  1  PsH  (2-1.3.1) 
0.309  psS  <  psT  <  psS  (2.1.3.2) 
0-618  psD  <  psT  <2psD    (2.1.3.3) 

These  bounds  correspond  to  complete  inscribing  or  cir- 
cumscribing of  the  yield  surfaces .   The  interval  between 
the  lower  and  upper  bounds  can  be  reduced  if  only  part  of 
the  approximate  yield  surface  has  to  inscribe  or  circum- 
scribe the  exact  Tresca  yield  surface.   It  will  be  seen,  for 
instance,  that  for  the  uncoupled  diamond  yield  surface,  the 
direct  stress  resultants  of  a  shallow  sphere  under  the 
static  collapse  load  have  a  value  of  -1/2  approximately. 

Then,  with  nQ  =  -1/2,  n,  =  -1/2,  the  uncoupled  diamond 
0  cp 
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yield  surface  can  be  made  to  circumscribe  the  correspond- 
ing part  of  the  Tresca  yield  surface  by  a  multiplying  factor 
of  1.5  instead  of  2  as  stated  in  (2.1.3.3)  page  26. 


2.1.4   Discontinuities 

From  dynamic  consideration,  it  can  be  shown  that 

s,  n,,  m,  must  be  continuous  whereas  n„,  mn  may  be  dis- 
99  8    8 

continuous  [17] . 

For  velocities ,  we  observe  that  the  basic 
assumption  that  straight  normals  to  the  reference-  surface  of 
a  shell  remain  straight  and  normal'  to  the  reference  surface 
during  deformation  implies  that  shear  strains  are  negli- 
gible,  and  therefore  w  cannot  be  discontinuous.   However 
w1  and  v  may  be  discontinuous  [17].   When  such  discontin- 
uities occur,  we  can  see,  from  the  expressions  (2.1.1.1)- 
(2.1.1.4)  page  19,  that  the  strain  rate  vector  has  the  fol- 
lowing direction: 


c  *    i 

ee 

■ 

• 

4> 

i  =  _L. 

• 

Ax 

k6 

• 

4> 
\    t  * 

. 

Av 


-h(Aw«+y"Av) 


■  (2.1.4.1) 


Ax 


line  of  discontinuity 


Ax  is  the  increase  in  x  to  get  from  one  side  of  the  dis- 
continuity line  to  the  other  and  Af  is  the  jump  in  F  cor- 
responding to  Ax. 
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2 . 2  Dynamic  Plastic  Response  of  Simply  Supported  Shallow 
Spherical  Shells  made  of  Rigid  Plastic  Material  that 
Obeys  the  Two-Moment  Limited-Interaction  Yield  Surface 

The  applied  dynamic  pressure  is  assumed  to  have  the  form 

of  an  exponentially  decaying  pulse: 


P  =  P  e 
o 


-t/T0 


or,  with  non-dimensional  quantities: 


-t 
p  =  p  e 
^    ^o 

We  will  solve  the  system  of  equations  (2.1.2.1)- 
(2.1.2.3)  page  21  using  successively  the  three  yield  sur- 
faces defined  in  (2.1.3),  page  22    In  each  case,  we  begin 
by  determining  the  static  collapse  pressure,  both  for  simply 
supported  and  clamped  supports .   A  solution  is  then  devel- 
oped for  the  dynamic  response  of  a  shallow  shell  with  simple 
supports  when  the  pressure  is  applied  dynamically  with  a 
peak  value  larger  than  the  static  collapse  pressure. 

2.2.1   Static  Collapse  Pressures 

When  the  pressure  is  increased  slowly  from  zero 
so  that  the  inertia  forces  are  negligible,  the  equations  of 
equilibrium  (2.1.2.2),  (2.1.2.3)  page  21  become: 

(2.2.1.1) 
=  0  (2.2.1.2) 


xs  =  h  fxm, )  '  -  m„] 
9       t) 


(xiV  '  "  n6  -  Y"XS 
y"(xn  )  +  y'nQ  +  (xs)  '  +  px  =  0 


(2.2.1.3) 


The  boundary  conditions  for  a  simply  supported 


edge  are: 


x  =  0  : 


°'  ne  =  V  me  =  m9 


x  =  1 :   m ,  =  0 
<P 


(2.2.1.4) 
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Because  of  the  boundary  condition  at  x=0 ,  a  suitable 
yield  regime  will  be  made  of  one  of  the  faces  1,  2,  4,  5  and 
one  of  the  faces  7,  8,  0,  a.   Because  of  the  boundary  con- 
dition at  x=l,  only  faces  7  or  0  can  be  retained.   Moreover, 
since  the  pressure  is  applied  externally,  we  expect  n   to 
be  negative  and  m,  to  be  positive,  according  to  the  sign 
convention  in  Fig.  3b  page  19    Thus  the  number  of  choices 
reduces  to  two;-  regime  4-7  or  regime  5-7.   It  turns  out 
that  5-7  is  the  correct  yield  regime.   (Fig.  4a, b) 

With  regime  5-7,  we  have: 

n.  =  -1,      eQ  =  0,  (2.2.1.5)      e,  <  0 

9  9  9  — 

mQ  =1,      k,  =  0,  (2.2.1.6)      k„  >  0 

D  9  D  — 

With  n,  =  -1,   (2.2.1.2)  and  (2.2.1.3)  page  21  become: 

-  1  -  nQ  -  y"xs      =  0   (2.2.1.7) 
y"x  +  y'na  +  (xs) '  +  px  =  0   (2.2.1.8) 

Solving  this  system  and  using  the  shallow  shell  approx- 
imation: y'2  <<  1,  we  get: 

xs  =  -  j  px2  +  xy1   (2.2.1.10) 

nQ  =  -  1  +  y"(|  px2  -  xy')   (2.2.1.11) 

By    integrating    (2.1.2.1)    page  21between    0    and   x,    we 
obtain: 

fX 


hxma    =   hx   -    -^  px3    + 
9  6 


£y'd£       (2.2.1.12) 


o 
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A.  Simply  Supported  Shells 

At  x=l,  m,  =  0  for  simply  supported  edge.   Thus 


p  =  ps  =  6h  +  6 


£y'd£   (2.2.1.13) 


For  a  flat  plate,  y'  =0,  and  we  find  again  the  col- 
lapse pressure  of  circular  flat  plate. 

With  this  expression  of  p,  we  have  thus: 


x  =  — 


y  =  o 


r 

R 
z_ 

R 


Fig.  7 


xs  =  -  (3h  +  3 


5y'd£)  x2  +  xy' 


(0<x<l)  (2.2.1.14) 


nQ  =  -1  +  y" [(3h  +  3 


Cy'dOx2  -  xy']    (0<x<l)  (2.2.1.15) 


m 


* 


1    (1  +  ^    £y'd£)x2  +  1 


h  J, 


l\x  J 


'd£   (0<x<l)  (2.2.1.16) 


t,y  aq, 


o 
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The  flow  rules  are  given  by  (2.2.1.5)  and  (2.2.1.6) 
page  29.   With  ea    and  £,  from  (2.1.1.1)  and  (2.1.1.4) 

u         <p 

page  19,  we  have: 

v  =  y'w  (2.2.1.17) 

w'  +  y"v  =  A  =  constant     (2.2.1.18) 

Solving,  using  the  shallow  shell  approximation  and  with 
the  boundary  condition  at  x  =  1,  we  have: 

r 

w  =  w  (1  -  x)       (2.2.1.20) 
and  v  =  y 'w  (1  -  x)     (2.2.1.21) 

From  these  velocity  expressions,  we  have: 

e   =  -y'w  <_   0   since  y'  and  w   are  positive 

k   =  -  -  [-w   +  y'y'V  (1  -  x)  ] 
x  l   o    J    2      o 

For  a  shallow  shell,  y1  is  small  and  y"  which  is  approx- 
imately the  curvature  of  the  shell  is  also  small,  thus 
y'y"(l  -  x)  can  be  considered  as  small  compared  to  1  and 
therefore,  we  have  approximately: 

•     h  •  • 

k   =  —  w   >  0    since  w   >  0 
x  o  —  o 

The  solution  is  consequently  kinematially  admissible. 
We  assume  the  reference  surface  is  smooth  so  that  y1  exists 
everywhere,  particularly  at  the  apex  x  =  0.   Because  of 
symmetry,  we  have  then: 
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y'0  =  (y')x.0  =  o 

For  most  practical  geometries  of  cap,  the  equation  of 
the  middle  surface  can  be  written  in  the  form  [17] : 

0n-l 

cR      n 

y  =  x 

2  n 

For  y'  to  exist  at  x  =  0 ,  we  assume  n  >  1. 

To  determine  c,  we  use  the  fact  that  at  x  =  1 ,  we  must 
have  y  =  Z/R,  where  Z  is  the  total  depth  of  the  shell. 
Then: 


Z      Rn_1 

_  =  c  __     or 


Z 

c  =  n  —   , 

Rn 

and  the  equation  of  the  shallow  shell  becomes 


y  =  |  xn      n  >  1         (2.2.1.22) 


with  (y'2)  =  n2  Ij-    1 


max 


2 

RT 


From  (2.2.1.22),  we  have 


'  =  nl  x""1 


and      £y 'd£  =  n  - 

•'o 


^n,r      n    Z   n  +  1 

?  d?  =  JTTT  R  x 


With  these  expressions,  (2.2.1.14)  ,  (2.2.1.15)  ,  and 
(2.2.1.16)  become: 
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xs  =  -(3h  +  ~   |)  x2  +  n  |  xn        (0  <  x  <  1)   (2.2.1.23) 

n+1  R         R  —   — 

nQ  =  -1  +  n(n-l)  |  [  ( 3h  +  ^_  |)  xn  -  n  |  x2(n_1)]  (2.2.1.24) 

(0  <  x  <  1) 

mA  =  1  -  x2  +  i  -§■=-  I  (xn  -  x2)       (0  <  x  <  1)   (2.2.1.25) 
(J)  h  n+1  R  —   — 

From  these  results,  we  have: 

i      i   ,  1   n   Z  ,   n-1    ^  x 

mV2x  +  hHTTR(nx         "   2x) 

m*     (0)    =    0  and 

4> 

„  -         2nZ,lnZ       ,       ,  >     n-2 

m    a   =   ~2    "    u    rrr  ^  +   u    — Tt--77  n(n-l)x 
<J)  h    n+1    R        h   n+1    R 

m"  (0)  <  0         for  n  >  2 
Thus  there  is  a  maximum  at  x=0 : 


iha(0)  =  1  =  (mj 
r  ^max 

m' ,  =  0  for  x=0     and  for: 

n-2       2       2 
x     =  = +  - 

m      I  nf_  Z    n 

h  n+1  R 

If  n  >  2  and  if 

1  _n_*_  Z      -    1  2n  Z 

h  n+1  R         h  n+1  R    or 

I  n(n-2)  Z 

h   n+1    R     z  ' 

(n  >  2) 


(2.2.1.26) 
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then  x   >  1  and  m1 ,  is  negative  for  0  <  x  <  1,  m, 

decreases  monotonically  from  1  to  0  as  x  varies  from  0  to  1 

and  is  therefore  admissible. 


If  1  <  n  <  2,  then  m"  (0)  goes  to 


positive 


infinity,  which  is  not  allowed  since  m,  must  be  maximum  at 
x  =  0.* 

Thus  the  solution  is  not  admissible  for  n  <  2. 


For  nQ,  we  have,  from  (2.2.1.24): 


n  0  =  n  (n_1)  r  x     [(3h  +  nTI  R}  "  2(n-1}  r  x   ] 


For  n  >  2 ,  we  have 


n'   >_  0  for  0  £  x  £ 


3h  + 


3n   Z 
n+1  R 


2(n-l) 


R 


n-2 


Tor  m^  =  1  to  be  maximum  at  x  =  0 ,  it  is  necessary  that 
m"  be  negative  in  the  neighborhood  of  x  =  0. 


If 


3h  + 


3n   Z 
n+1  R 


2(n-l) 
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there  will  be  a  maximum  at 


x   = 

n 


3h  + 


3n  Z 

n+1  R 


->  1 


2(n-l)  | 


n-2 


To  be  admissible,  this  maximum  must  be  negative  or  from 
(2.2.1.24)  page  33: 


/   -is  Z   n  r  / ->i_  ,  3n   Zv       Z   n  —  21      .    -, 
n(n-l)  -  x   [(3h  +  — ;-=-  — )  -  n  =r  x    J  <  1 
R  n        n+1  R      R  n 


or: 


n(n-2)  Z  ,-,    3n 
2     R  LJ     n+1  R 


t:\    x   <  1 
n 


(n  >  2) 


3n   Z         3Z 
Since  x   <  1  and  3h  +  — r-r   ^r  <  3h  +  -=r-  ,    we  see  that 
n  —  n+1  R         R 

we  see  that  the  inequality  above  will  be  satisfied  if 


^^-   |  [3h  +  f  ]  <  1 


According  to  Kraus  [25,  page  25],  as  a  rule  of  thumb, 
a  shell  is  assumed  thin  when  its  thickness  is  everywhere 
less  than  one-tenth  of  the  radius  of  curvature  of  the  refer- 
ence surface.   According  to  an  analysis  by  Reissner  quoted 
by  Kraus  [25,  page  229],  a  shell  is  considered  as  shallow 
when  its  maximum  height  Z  is  less  than  one-eighth  of  its 

base  diameter  2R  or: 

Z/R  <  1/4 
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From  a  practical  viewpoint,  we  would  expect  a  shell, 
even  shallow,  to  have  a  maximum  height  Z  at  least  equal  to 
its  thickness  2H .   Thus,  we  may  assume  that 

0(Z/R)  =  0(h)  , 
and: 

0[|(3h  +  f]  =0(|i) 

and  the  condition 

nl^lL|(3h  +  f)  <-l 

* 

on  page  35  is  equivalent  to 

sis^i.  x  o(|i)    <  1 

For  practical  value  of  n,  we  can  expect  that  this 
inequality  is  satisfied. 

At  x  =  1,  we  must  have  also: 

-1  <  nQ  <  0  ,   or: 

0<n(n-l,  |  [3h  ,  212Z11  |j  <  j. 

The  condition: 

n  i       i\     Z  ro,    n(n-2)  Z, 

0  <  n(n-l)  -  [3h  -  ~^T-   g] 


is  equivalent  to 


I  n(n-2)  Z    - 

h   n+1    R 
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and  it  is  satisfied  if  (2.2.1.26)  page  33  is.  The  remaining 
condition,  which  is 

/  ->  \  Z  r  -,    n  (n-2)  Z-,     ^  , 
n(n-l)  g  [3h  -  -^i-^-g]  1  1 

will  be  satisfied  if  we  have: 

3n(n-l)  |  h  <  1 

x\    — 

Z  Z  2 

Since  —  h  is  of  the  order  of  ^T  which  is  considered 

K  K 

■ 

negligible  compared  to  1,  the  condition  above  is  expected 
to  be  satisfied  for  practical  values  of  n. 

Thus  the  solution  is  kinematically  and  statically 
admissible  for  shallow  shells  of  the  form: 

Z   n         ^  _ 

y  =  -  x    ,    n  >  2 

if  condition  (2.2.2.1.26)  page  33  which  is: 

n(?72)  |  <  2h  (2.2.1.26) 

n+1    R  — 

is  satisfied. 

The  static  collapse  pressure  is  given  by  (2.2.1.13) 
page  30  ,  which  can  be  written  as: 

P  =  Ps  =  6h  +  KTT  I    (nl2)  (2.2.1.27) 

For  a  shallow  surface  of  second  degree,  n  =  2,  which 
may  be  a  shallow  spherical,  parabolical,  ellipsoidal  or 
hyperboloidal  cap,  condition  (2.2.1.26)  is  always  satisfied 
and  the  static  collapse  pressure  in  this  case  is: 
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B.  Clamped  Shells 


p   =  6h  +  4  =- 
^s  R 


(2.2.1.28) 


x 


If  the  shell  is  clamped,  the  boundary  condition  at 
=  1  becomes : 


w  =  0 


v  =  0   ,   w  * 


0    or  there  will  be  a 
hinge 


n, 


sa»  m 


e 


We  would  expect  w1  ^  0  at  x  =  1,  and  there  would  be  a 
hinge.  From  the  considerations  on  discontinuities  in  2.1.4, 
page  27    /  we  see  that  this  is  possible  if  |m  |  =  1. 

We  therefore  assume: 


0  <  x  <  u 


regime  5-7 


u  <  x  <  1   :   regime  5-3 
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1.  Solution  for  0  £  x  f.  u  :  regime  5-7 

For  a  spherical  shallov;  shell,  the  value  of  n  in 
(2.2.1.22)  page  32  is  2,  and  we  have: 

y  =  |  x2  (2.2.1.29) 

then:         y '  =  2§  x  (2.2.1.30) 

and  y"  =  ^  (2.2.1.31) 

i 

With  this,  we  have  from  (2.2.1.10)  page  29  ,  (2.2.1.11) 
and  (2.2.1.12)  page  29: 

xs  =  -  |  (p  -  ^jf-)x2  (2.2.1.32) 
n0  =  -  1  +  |  (p  -  ^-)x2  (2.2.1.33) 
md>  =  X  *  6F  (P  "  f)x2      (2.2.1.34) 

For  the  velocities,  the  solution  of  (2.2.1.17), 
(2.2.1.18)  page  29  ,  without  using  the  boundary  condition 
at  x  =  1 ,  yields : 

w  =  w  ' +  Ax  (2.2.1.35) 

o 


and: 


v  =  ^  x(w   +  Ax)        (2.2.1.36) 
R     o 
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2.  Solution  for  u  _<  x  <_  1  :  regime  5-3 

With  n,  =  -1,  the  equations  of  equilibrium  (2.2.1.2) 
(2.2.1.3)  page  28  still  yield: 

xs  =  -  |  (p  -  ~)x2         (2.2.1.32) 

(0  <  x  <  1) 

nQ  =  -1  +  |  (p  -  ^)x2      (2.2.1.33) 

(0  <  x  <  1) 

From  the  relation  corresponding  to  face  3/  which  is 

nu  -  m,  =  1   (Table  2.1.3.1) 
6     <p 

and  from  the  equation  of  equilibrium  (2.2.1.1)  page  28 
we  have: 

<p   x   2h   r    R 
Integrating  between  u  and  x,  with  m  (u  )  =  0 ,  we  have: 

%  =  log  5  "  4E  (p  "  XJ  (x'  "  u2)   <2. 2. 1.35a) 

then : 

mQ  =  1  +  log  |  -  i-  (p  -  ^)  (x2  -  u2)  (2.2.1.36a) 

For  the  velocities,  we  have  the  flow  rules: 
efl  =  0,  or  with  (2.1.1.1)  page  28 

v  =  y'w  (2.2.1.37) 
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and  k,  +  kn  =  0  which  becomes,  with  (2.1.1.2)  and 
(2.1.1.4)  page  19 


(w  +  y"v)  '    _  1 
w'  +  y"v      x 


and  which  gives : 


w'+  y"v  =  -  (2.2.1.38) 


x 

Solving  (2.2.1.37)  and  (2.2.2.38)  for  x,  w  and  v  and 
using  shallow  shell  approximation,  we  have: 

w  =  B  log  x  (2.2.1.39) 

v  =  -^  x  B  log  x  •       (2.2.1.40) 


3 .  Boundary  Matching 

We  have  four  unknowns:   A,  B,  p,  u.   To  determine  them, 
we  have  four  conditions: 

(i)  m  (if)  =  0 

(ii)  m<J)(l)  =  -1 

(iii)  Continuity  of  w  at  x  =  u 

(iiii)  Continuity  of  w'  at  x  =  u 

From  m  (u  )  =0,  and  (2.2.1.34)  page  39  ,  we  have: 

p  =  — o-  +  -5-  (2  .2.1.41) 

u^    R 


42. 
From  m  (1)  =  -1  and  (2  .  2  . 1 .  35a)  page  40,  we  have: 

P  =  j~5-  (1  -  log  u)  +  ~        (2.2.1.42) 

From    Aw   =    0    and   using    (2.2.1.35)    page     39  and    (2.2.2.1.39) 
page  41  ,    we   have: 

B    log    u=Au+w  (2.2.1.43) 

From  Aw1  =  0,  and  differentiating  (2.2.1.35)  page  39 
and  (2.2.2.1.39)  page  41,  we  have: 

B/u  =  A  (2.2.1.44) 

Solving  for  A  and  B  from  (2.2.1.43)  and  (2.2.1.44), 
we  have: 

w 

A  = _ 9. (2.2.1.45) 

u (1  -  log  u) 

w 

and     B  =  -  ■= ~ (2.2.1.46) 

1  -  log  u 

With  these  expressions  of  A  and  B,  the  velocities 
become: 

From  (2.2.1.35)  and  (2.2.1.36)  page  39 

»  =  V1  '5(1  -"logiir1        (0<x<u)   (2.2.1.47) 
*  =  lHox[1  -  u(l  -Xlog^r'    (°ix£">   (2.2.1.48) 
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From  (2.2.1.39)  and  (2.2.1.40)  page  41 

w  =  -  w   n  lQ?  X —     (u  <  x  <  1)  (2.2.1.49) 
o  1  -  log  u       —   — 


2Z 

v  =  -  -=r  w 


R   o  1  -  log 

From  (2.2.1.49),  we  have: 

w 

w1 


v   ,X  1°g  X   (u  <  x  <  1)  (2.2.1.50) 
O  1  -  loq  U     —    — 


x(l  -  log  u) 

w  w 

and  at  x  =  1,  w'  =  -  -= ~ j-    0  ,  Aw'  =  -.. — ~ >  0 

1  -  log  u  r  1-log  u 

There  is  a  hinge  circle  at  x  =  L  with  k,  <  0  as 

required 

The  value  of  u  can  be  determined  from  (2.2.1.41) 
page  41  and  (2.2.1.42)  page  42  by  eliminating  p.   Thus  we 
have: 

rr  =  5  -  log  u2  (2.2.1.51) 

From  this  equation,  we  find: 

u2  a  0.533      and 

u   a  0.731  (2.2.1.52) 

Then  p   is  given  by  either  (2.2.1.41)  page  41  or 
(2.2.1.42)  page  42 

4Z  ^  6h 
*         vs  R    u2 
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4 .   Admissibility 

i .   Kinematic  Admissibility 

a.  0  <  x  <  u,  we  must  have  e,  <_  0  and  kfl  _>  0. 

We  have:. from  (2.2.1.47)  and  (2.2.1.48): 

(2Z/R)v;ox      n 

e,  =  -  —7^ , r-  <  0,    since  w   >  0 

<j>      u(l  -  log  u)  o 

and: 

6    x  u(l  -  log  u) 

b.  u  <  x  <  1,  we  must  have  e,  <  0  and  kA  >  0. 

—    —  cp  —         6  — 

Using  now  (2.2.1.49)  and  (2.2.1.50)  page  43 

we  have: 

0„    w 

2Z      o       .  A 

<p      R  1  -  log  u 

and: 

k0  =  -  -  (w*  +  y"v)  -  -%  t ? >  0 

0      x       2       '         x2  1  -  log  u 


When  kQ  is  admissible,  then  k,  is  also  admissible 
b  <p 

Thus  the  solution  is  kinematically  admissible. 
ii .  Static  Admissibility 

a.  nQ,  we  must  have  -1  <  nn  <  0. 

u  —  y  — 

From  (2.2.1.33)  page  39,  and  using  p  from 
(2.2.1.41)  page  41,  we  have: 

n0  =  -1  +  6h  |  2j  (2.2.1.53) 
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From  this,  we  see  that  nQ  increases  monotonically 

and  at  x  =  1,  we  have: 

,    6h  Z 
n6  =  -1  +  u"2"  R 

which  is  still  negative  since  h—  is  very  small  compared  to  1. 

b  .  m  ,  : 

<$> 

For  0  <_  x  <_  u,  we  must  have  0  <_  m,  <_   1 . 

t 

.  _       From  (2.2.1.34)  page  39  and  using  p  from 

(2.2.1.41)  page  41  ,  we  have: 

x2 
m.  =  1  -  ==7   (0  <  x  <  u)  (2.2.1.54) 

<j)        u2      —    — 

From  this,  we  can  see  that  m,  decreases  monotonically 

from  1  to  0  as  x  increases  from  0  to  u.   Thus  m,  is  admis- 

<P 

sible  in  this  interval. 

For  u  <_   x  £  1/  we  must  have  -1  <_  m,  £  0. 

From  (2 . 2 . 1. 35^) page  40  and  using  p  from  (2.2.1.41) 

page  4l ,  we  have: 

->   2   2 
,    x    3  x  -u        ,  ,    . 

m,  =  log 77  5—   ,  m,  (u)  =  0 

$  3  u    2    u2       <^ 


1    1    3x    u  -3x   .  n 

m  '  =  —  -  —5-  =  5 <  0     since  u  <  x 

<p     x    u2     u2x 

Thus  m,  decreases  monotonically  from  0  to  -1  as  x 
increases  from  u  to  1;  m,  is  admissible  in  this  interval. 

The  admissibility  of  m0  f ollov/s ,  as  a  consequence  of 
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mQ  =  1      (0  <_  x  £  u)    and 
mQ  =  1  +  m,   (u  £  x  <_   1) 

5 .   Conclusion 

The  solution  is  an  exact  one  for  the  yield  surface 
selected,  and  the  static  collapse  pressure  of  a  shallow 
spherical  is  given  by  (2.2.1.41),  page  41 

r,   -   r,         4Z  A.       6h 

P  =  P   =  "TT"  +  —r 
r    ^s    R    u2 

i 

with  u2  determined  from  (2.2.1.51)  page  43,  which  is: 


u 
and  which  gives 


—?r  =    5  -  log  u2 


u2  -  0.53  3     approximately 
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2.2.2   Dynamic  Response  of  Shallow  Spherical  Shells 

2.2.2.1  Low  Pressure  Range:   0  <.  po  ~  Ps  £  1  •  2h 

If  the  peak  value  of  the  dynamic  pressure  is 
sufficiently  low,  the  whole  shell  will  collapse  in  one 
regime:   regime  5-7.   (Fig.  4a, b) 

1.  Solution 

VELOCITIES  -  The  flow  rules  and  the  boundary 
conditions  are  the  same  as  those  in  the  corresponding  static 
problem.   From  (2.2.1.20)  and  (2.2.1.21)  page  31  ,  we  have: 


w  =  w  (1  -  x) 
o 


2Z  •   ,,     . 
v  =  T  Wox(1  "  X) 


(2.2.1.20) 


(2.2.1.21) 


w   is  the  velocity  at  the  apex  x  =  0  and  is  now  a  function 
of  t,  and  y'  has  the  expression  (2.2.1.30). 


STRESSES  -  From  the  equilibrium  equations 
(2.1.2.2) ,  (2.1.2.3)  page  21  and  with  n   =  -1,  we  have: 


-1  -  y"xs  -  n 


=  xyv 


-xy"  +  (xs)  '  +  y'"nfl  +  px  =  xyw 


(2.2.2.1.1) 
(2.2.2.1.2) 


Moreover,  from  the  flow  rule  efi  =  0,  we  have: 

v  =  y'w    or 

v  =  y'w  (2.2.2.1.3) 

Solving  (2.2.2.1.1),  (2.2.2.1.2),  (2.2.2.1.3),  and 
with  (2.2.1.20)  page  31  we  obtain: 
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xs  =  -  kp  -  ~)x2  +  YW^C^-  -  ~)     (2.2.2.1.4) 


and 


.  .  2Z  .1,    4Z.  2     ••  ,3x2   4x3N  . 
nA  =  -1  +  — [T(P-— )xz  -  yw  (-^ =r-)  ] 


(2.2.2.1.5) 
From  equation  of  equilibrium  (2.1.2.1)  page  21,  with 
m„  =  1,    and  integrating  from  0  to  x,  we  have: 

"♦  "  l  -  6TT(P  "  TT)x2  +  mr<*2  -  T-'        (2-2.2.1.6) 

From  the  boundary  condition:   x  =  1,  m,  =  0,  we  can 

determine  yw  : 
1  o 

Ywo  =  2(p  -  ps)  (2.2.2.1.7) 

Integrating  (2.2.2.1.7)  with  respect  to  t,  where 

—  x  • 

p  =  p  e    and  using  the  initial  condition:   x  =  0,  w   =0, 

*        ^o  3  o 


we   have 


Ywo   =    2[pQ(l    -    e    T)    -   psx]  (2.2.2.1.8) 


FINAL  RESULTS 

With  (2.2.2.1.7)  and  (2.2.2.1.8)  above,  we  have 

from  (2.2.1.20)  and  (2.2.1.21)  page  31 

Yw   =    2[p    (1    -    e'T)    -   p    t](1-x)  (2.2.2.1.9) 

Yv  =   —  to     (l-e'T)    -   p   t]    x(l-x)     (2.2.2.1.10) 

K.  O  S 

•n<j>  =  -1'  me  =  1 
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from  (2.2.2.1.4)  page  48,  with: 

4Z         CU 
TT=Ps  "  6h  ' 


we  have: 


xs  =  -  6h  "  (p  "  ps}   2-  2(P  -  Ps> 


xz xd   (2.2.2.1.11) 


from  (2.2.2.1.5)  page  48 

0      6h  -  5(p  -  p  )       R 
ne  =  -1  +  f-[ 5»  X2  +  |(p-ps)x3] 


(2.2.2.1.12) 


from  (2.2.2.1.6)  page  48, 


6h  -  (p  -  p  )       p  -  p 

m  =  1 ^ —  x2 ri— -   x3  (2.2.2.1.13) 

<p  6h  6h 


2 .  Admissibility 

i .  Kinematic  Admissibility 

We  must  have  e,  <  0  and  kQ  >  0.   It  has 

<p  —        6  — 

been  seen  previously  (page  31)  that  these  conditions  are 
satisfied  for  w   >  0,  or,  from  (2.2.2.1.8)  page  48: 

yw   =  2 [p  (1  -  e~T)  -  p  t]  >  0 
1  o     ^o  s   — 

At  t  =  Tf,  where  xf  is  determined  by: 

p  (1  -  e"Tf)  -  p  Tf  =  0         (2.2.2.1.14) 

•  •        • 

w   =0,  hence  w  =  v  =  0  and  the  motion  ceases. 


] 

p 

i 

, 

P0(l-e-Tf) 

_^» 

Po(1'-e"T^^/ 

^1 

//>^       s 

Pf^tan   1(po) 

Fig.  8 
Graphic  Determination  of  xf 
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ii .  Static  Admissibility 

a)  ra,,  condition  for  admissibility:  0<m  <1 
<$>  -   <J>- 

From  (2.2.2.1.13),  page  49,  We  derive: 


m 


•       _ 


* 


6h 


{    2[6h    -    (p   -    p  J  ]    +    3(p   -    p    )x    }    x 


(2.2.2.1.15) 


and 


m 


H      


<J> 


"  6E  {   2[6h 


(p   -    ps) ]    +    6(p    -   ps)x    } 


(2.2.2.1.16) 


At    x   =    0, 


m,    =    1    and   m'       =    0 
4)  <j> 
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To  be  admissible,  it  is  necessary  that  there  be  a 
maximum  at  x  =  0  or 

(P  -  P_)  -  6h 
[m-  ]     =  gg <  0 

x  =  0 

p  -  ps  <  6h 

—  x 
Since  p  =  p  e    decreases  monotonically ,  the  above 

inequality  will  be  satisfied  for  any  i  >  0  if  it  is  at 

t  =  0  or: 

p   -  p   <  6h  (2.2.2.1.17) 

o    s  — 

If  p   -  p   =  6h,  then  at  i  =  0,  (m")    =  0,  but 
^o    ^s  i>    x=0 

po  "  ps 

(m"')     =  -  r <  0  and  there  is  still  a  maximum  at 

<p  x  =  0         h 

x  =  0  . 

From  (2.2.2.1.15)  page  50  it  can  be  seen  that  m'   =  0 

for  another  value  x   of  x: 

m 


2  6h  -  (p  -  ps)    2  6h  +  (ps  -  p) 


Xm      3    p  -  ps        3    ps  -  p 


(2.2.2.1.18) 


which  is  the  position  of  the  minimum  of  m , . 

Assuming  (2.2.2.1.17)  above  satisfied,  then: 
If  p  -  p   >  0,  x   is  negative  and  rriA  decreases  mono- 
tonically in  the  interval  (0,1)  from  1  to  0  and  is  therefore 
admissible . 

If  p  -  p   <  0,  x   is  positive.   For  m,  to  be  admissible, 
xm  must  be  outside  the  interval  (0,1) ,  otherwise  mA  will 
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decrease  in  the  interval  (Q,x  )  from  1  to  a  minimum  (mx)  . 

m  <p  mm 

and  increase  from  this  minimum  (m,)  .   to  zero  in  the 

9  m3-n 

interval  (x  , 1) .   Thus  this  minimum  (m,)  .  ,  if  it  exists, 
m  9  mm ' 

will  be  negative,  and  make  m,  not  admissible.   Thus,  we 


must  have: 


x   >  1 

m  — 


or,  from  (2.2.2.1.18)  page 

12h  +  p  e~T  -  p   >  0 

—  x  ... 

Since  p  e    decreases  monotonically  v/ith  x,  this 

inequality  will  be  satisfied  for  any  x  in  the  interval 

[0,xf],  if  it  is  at  xf.   Thus: 

12h  +  p  e"Tf  -  p   >  0  (2.2.2.1.19) 

ro       *s  — 

where  xf  has  been  determined  in  (2.2.2.1.14)  page  4  9 

b)  nQ,  condition  for  admissibility:  -l<n„<0 
From  (2  .  2  .  2  . 1 .  12)  page  4  9  ,  v/e  have  : 

n'e  =  If  X  {  [6h  "  5(P  "  Ps)]  +  8(p  "  Ps)x  } 

(2.2.2.1.20) 

and  (n'  )     =0 

9  x=0 

Since  (nQ)   n  =  -1,  there  must  be  a  minimum  at  x  =  0  or 

D   X  — U 

(n"fi)  =n  —  ^  w^i-0*1  requires 

—  j 
p  e    -  p   <  1 . 2h 
^o      ^s  — 


53 

-T 

Since  p  e    decreases  monotonically  with  x,  this 
inequality  will  be  satisfied  for  any  t  >  0  if  it  is  at 
t  =  0,  or: 

p   -  p   <  1.2h  (2.2.2.1.21) 

ro    ^s  — 

From  (2.2.2.1.20)  page  52,  we  can  see  that  n'   =  0 

for  another  value  x   of  x: 

n 

6h  -  5(p  -  p  )    6h  +  5(ps  -  p) 
x  =  - 


n        8(p  -  ps)         8(ps  -  p) 

(2.2.2.1.22) 

which  is  the  position  of  the  maximum  of  ng .   Assuming 
(2.2.2.1.21)  page  53  satisfied,  then: 

If  p  -  p   >  0 ,  x   is  negative  and  nA  increases  mono- 
tonically  in  the  interval  (0,1). 

If  p  -  p   <  0,  x   is  positive.   If  x   <  1  or: 
v        *s       n    e  n 

6h  -  3(p   -  p)  <  0  (2.2.2.1.23) 

then  nQ  has  a  maximum  at  x  whose  value,  from  (2.2.2.1.12) 
o  n 


page  49 ,  is  : 


(ix fl)     =  "I  +  \   |[6h  +  5(pQ  -  P)]x2 
0  max         J  R         s        n 


To  be  admissible,  this  maximum  must  be  negative 

Since  x2  <  1,  (nj     will  be  negative  if 
n  —       9  max 

|  |  I6h  +  5(ps  -  p)]  <  1      or: 
6h  +  5(ps  -  p)  <  3  | 
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.  -T 

Since  p  =  pQe    decreases  monotonically  with  t, 
this  inequality  will  be  satisfied  for  0  <  x  <  t  ,  if  it  is 
at  t  =  t  : 

6h  +  5(ps  -  PQe"Tf)  £  3  |        (2.2.2.1.24) 
From  (2. 2. 2. 1. 19)  page  52  we  have: 


p   -  p  e"Tf  <  12h 
^s    ^o     — 


Therefore: 


6h  +  5(p   -  p  e"Tf)  <  6h  +  5  x  12h  =  66h 
rs   ro      — 

and  condition  (2.2.2.1.24)  above  will  be  satisfied  if  we  have 

66h  <  3^  (2.2.2.1.25) 

Since  h  is  of  the  order  of  a  few  per  cent,  let  us  say 

2 
10%,  and  ^  is  at  most,  about  1/3  for  shallow  shell,  we  find 

that,  for  these  extreme  values,  we  have: 

6  6h  =  6.6      and 
3|-  9 

and 

66h  <  3£ 

Thus,  we  can  safely  assume  that  condition  (2.2.2.1.24) 
page  54  is  always  satisfied  for  thin,  shallow  shell.   At 
x  =  1,  we  must  have 

-1  <  (nA)   ,  <  0         or: 
—    9  x=l  — 
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From  C2, 2, 2. 1.12)  page  49  ,  this  condition  is 

_    18h  +  p  -  p 
-1  ■■<  -1  +  2^  x  -, <  0 

—         K  6         — 

For  the  first  condition,  we  must  have: 

18h  +  p  -  p  >_   0 

This  condition  will  be  satisfied  for  0  <  t  <  i>  if  it  is 


_  T  _  Tf 


at  t  =  xf  or: 


18h  +  p  e~Tf  -  p   >  0         (2.2.2.1.26) 
^o       ^s  — 

If  we  compare  this  condition  with  condition  (2.2.2.1.19) 
page  52  ,  we  see  that  condition  (2.2.2.1.26)  will  be  satisfied 
if  (2.2.2.1.19)  is. 

For  the  second  condition,  we  must  have: 

18h  +  p  -  ps  <  3§ 

This  condition  will  be  satisfied  for  0  <_  t  <_  Tf  if  it  is 
at  t  =  0  or: 

18h  +  d   -  p   <  3§         (2.2.2.1.27) 
^o    s  —   Z 

From  (2.2.2.1.21)  page  53,  which  is:   p   -  p     1.2h, 
we  have: 

18h  +  p   -  p   <  19. 2h 
^o   *s  — 

and  (2.2.2.1.27)  will  be  satisfied  if  we  have: 

19. 2h  <  3^  (2.2.2.1.27) 

—    u 
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Comparing  this  condition  with  (.2.2.2.1.25)  page  54 
we  can  see  that  condition  (2.2.2,1.27)  is  satisfied  since 
(2.2.2.1.25)  is. 

iii .  Conclusion 

From  the  previous  study,  we  have  seen  that: 
-m,  is  admissible  for: 

PQ  "  ps  -  6h     (2.2.2.1.17)  page  51 
12h  +  p  e~Tf  -  p   >  0      (2.2.2.1.19)  page  52 

-nfi  is  admissible  for: 

Po  -  ps  <_   1.2h   (2.2.2.1.21)  page  53 

18h  +  PQe~Tf  -  ps  >  0      (2.2.2.1.26)  page  55 

We  conclude  therefore  that  the  solution  is  statically 
admissible  for: 

p   -  p   <  1.2h   (2.2.2.1.21) 

and         12h  +  p  e~Tf  -  p   >  0      (2.2.2.1.19) 

*o       ^s  — 

3.  Maximum  Central  Displacement 

The  displacement  is  maximum  at  x  =  0.   Its 

maximum  is  reached  when  t  =  t  •   Integrating  (2.2.2.1.8) 

page  48,  from  0  to  x   with  ywq(t=0)  =  °  and  using  relation 

(2.2.2.1.14)  page  49,  we  obtain: 

YwQ  =  2[(pQ  -  ps)Tf  -  |  PsTf2l    (2.2.2.1.27a) 


-1 
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1/2 

1/4 
0 


Fig.  9 
Generalized  Stress  and  Velocity  Distributions 


4.  Energy  Absorbed 

The  energy  absorbed  E  ,   by  the  deformation 
of  the  shell  is: 


(z£  rR 


'abs 


o 


PV  dadt 
n 


V   is  the  normal  velocity: 
n  " 


w 


o 


do   is    the    surface   element:      da    ~    2-nrdr   =    2iTR2xdx 


P    is    the   applied   pressure:      p 


P. 


t  is  the  dimensional  time:   t  =  T  t,  and  dt  =  T  dx 

o  o 
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Then : 


abs  o 

'o 


E   ,        =    2ttR2N  pdi         wxdx 


with  w    from    (2.2.2.1.9)    page     4  8,    and   p   =    p    e      ,    we 


have 


4ttR2N  fTf 


1 

(1    -    x)xdx 


Eabs    "   —T -  Po  [P0d  "   •    '>.  ~   Ps^)e    'dx 

'  Jo  Jo 

2ttR2N       f   p    2  n 

Eabs   "   -^  {  "I-    (1   "   e"f)2    "   PoPs    [1    "    tl+Tf)e-Tf]    } 

(2.2.2.1.28) 


4 .  Final  Displacement  Components 

With  (2.2.2.1.27 ^  page  56  and  from  (2.2.1.20) 
and  (2.2.1.21)  page  31,  we  have  the  following  dis- 
placement distributions: 

a)  Normal  Component: 

YWf  =  2[(pQ  -  Ps)Tf  -  §  psxf2]   (1  -  X) 

(2.2.2.1.29) 

b)  Tangential  Component: 

^vf   ■    4[(Po   -    Ps»Tf   -   I  PsTf2]x    (1   -   x) 

(2.2.2.1.30) 


59. 


Fig.  10 
Final  Displacement  Distributions 


5.  The  Case  of  Rectangular  Pressure  Pulse 

Let  us  consider  a  pressure  pulse  having  the 
time  variation: 

0  <  t    1  :  p  =  p^ 


t  >  1 


:  p  =  0 


From  (2.2.2.1.7)  page  48  we  have 


ywQ  =  2(pQ  -  ps)     (0  <  x  <  1) 


yw   =  2(p   -p)i    (0  <  x  <  1) 
1  o      ^o    ^s         —    — 
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and: 


Y^o  =  "2ps    (t  >  1) 


yw   =  2  (p   -  p  t)    (t  >  1) 
1  o      ^o    ^s         — 


Then  we  have 


Yw  =  2(pQ  -  pg) x  (1  -  x) 


(0  <  t  <  1) 


YV  =  X(po  "  ps)t  x(1  "  x)   (0  £  t  £  1) 


and: 


yw  =  2(pQ  -  psx)  (1  -  x) 


4Z 


(T  >  1) 


yv  =.  — (pQ  -  pgT)  x(1  -  x)   (t  >  1) 


The  solution  is  kinematically  admissible  for 


0  <  t  <  T.e   where  t  ^   =  — 
—   —   f  f    p 

^s 


At  t  =  xf/  the  motion  ceases. 


The  stresses  are: 


n<f>  =  -1'  m8  =  1 


and  from  (2.2.2.1.12) 


and  (2.2.2.1.13)  page  49: 


.    2Z 


r6h  -  5(pQ  -  p  ) 

2 X   +  3(po  "  Ps)x 


9 


6h  -  (pQ  -  PJ 


s'  X2  _ 


6h 


p   -  p 

*0     ^S    3 
X 

6h 


(0<T<1) 


(0<T<1) 
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and 


,  ,  2Z 

ne  "  -1  +  TT 


6h  +  5p 


s   2    8 


X   -*  •=•  p  X 
3  ^s 


J 


W.  ~  1  - 


6K  +   Pq     ,       Pc 
S_    2   ,    S      3 

6h   '  X   +  6h   x 


(t  >  1) 


(x  >  1) 


The  static  admissibility  conditions  are 


0  1  PG  "  Ps  1  1;2h   (°  1  T  1  D 


which  corresponds  to  (2.2.2.1.21)  page  53  and 


p   <  12h 
^s  — 


which  corresponds  to  (2.2.2.1.19)  page  52;  with  (2.2.1.28) 


cu  ,  4Z 
p  =  6h  +  — - 
^s         R 


this  latter  condition  is  equivalent  to: 


~  <  6h 


1  2H 


or,  with  h  =  H/2R  =  T  ~  (from  2.1.1.6) : 

4   R 


Z  <  |  (2H) 


Thus,  for  the  solution  to  be  admissible  in  the  case  of  a 
rectangular  pressure  pulse,  the  height  of  the  shell  must  be 
smaller  than  three-eighths  of  its  thickness.   This  shell 
could  therefore  be  considered  as  an  imperfect  plate. 
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2.2,2.2  Medium  Pressure  Range  1 .  2h  <_  p   -  p   <_  6h 

A.  First  Stage  of  Motion:  0  ■<.  t  <  Tj 

When  p   -  p   >  1.2h,  then  from 
^o    ^s 

(2.2.2.1.21)  page  53  ,  we  have  InQ]x=0  <  °-   Therefore  n0 
would  decrease  from  -1,  which  is  not  possible. 


n 


4> 


m 


* 


r~^» 


G   m, 


We  first  assume  the  following  yield  regimes: 

0  <  x  <_  u   :   regime  E  -  7 
u  <  x  <_   1   :   regime  5-7 

The  solution  was  found  to  be  statically  admissible,  u  is 
determined  by: 


--T. 


U    = 


is  [p0(1  "  e    }  '"  psT]  f  1-2h  t 


16 


P0(l   -   e"T)    -   pst 
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and  u  decreases  monotonically  from  its  initial  value  u 
at  t  =  0: 


u 


1  C  P   "  P  -  1.  2h 
15  *o    rs 

o    16     p^  -  p 

^o  ^s 


to  u  =  0  at  t  =  T-,  . 


However,  this  solution  is  not  kinematically  admissible: 
while  efl  remains  negative  for  0  <_  x  <_  u,  e,  is  negative  only 
for  0  <  x  <  0 .  8u  and  becomes  positive  for  0.8u  <  x  <_   u, 
which  is  not  admissible  for  regime  E-7. 

It  turns  out  that  the  correct  yield  regimes  for  this 
stage  of  motion  are: 


0  <  x  <  u 


1 


<    < 


U2  <_  X  £  1 


regime  E-7 
regime  4-7 
regime  5-7 


The  solutions  are  then: 


1)     0    <    x    <   u, :       regime   E-7 


%  =  ne  =  -1'  efl°'eel° 


mQ   =   1, 


kM   =   -h(w,+y"v) ' 


=    0     (2.2.2.2.1) 


With  n.  =  na   =  -1,  the  equilibrium  equations 
9     0 

(2.1.2.2),  (2.1.2.3)  pagel9  become: 


-y"  xs  =  xyv 

(xs) '   =  xy"  +  y'  -  px  +  2yw 
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For  a  spherical  shallow  shell,  we  have  from 
(2.2.1.29)-(2.2.1.31)  page  39 


Z   2    .    '2Z     „    2Z 
Y  =  r  x  ,  y'  =  — X/  y«  =  — 


Then 


2Z 
R 


(xs)   =  xyv 


4Z 


(2.2.2.2.2) 


(xs)  '  =  (  — p)x  +  xyw   (2.2.2.2.3) 


Let  xs  =  Y,  and  solving  the  above  equations  for  v  and 


w,  we  have: 


yv  =  - 


_2Z. 
R 


Y 
x 


Y'  ,      4Z 

YW  =  _  +  p  _  _ 


(2.2.2.2.4) 


(2.2.2.2.5) 


From  the  flow  rule  k ,  =  0  in  (2.2.2.2.1)  page  63 


we  have 


w'  +  y"v  =   o 
Y 


(2.2.2.2.6) 


where  C  is  independent  of  x,  but  may  be  a  function  of  t. 
Differentiating  (2.2.2.2.6)  page  64  with  respect  to  t,  we 
obtain : 


77,    •■  •• 

YW'  +  ~YV  =  CQ 


(2.2.2.2.7) 


With  yv  from  (2.2.2.2.4)  page  64  and  yw'  by  differen- 
tiating (2.2.2.2.5)  page  64  with  respect  to  x,    equation 
(2.2,2.2.7)  becomes: 
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x2Y'<  -  xY<  -  4 1-  x2Y  =  C  x3 

R2         o 


(2.2.2. 2.8) 


2Z 
With  £  =  -p-x,  we  obtain  the  following  equation 


K 


d2Y    ,.dY 


-  B,~  -Z'Y 


o 


d£2    sd£ 


(2.2.2.2.9) 


8 


R- 


With  the  following  conditions  at  x  =  0: 

at  x  =  ^  =  0,  Y  =  0  and  also,  from  (2.2.2.2.3) 
page  64  and  since  p  and yw   are  finite: 

at  x  =  £  =  0     Y'=0 

the  homogeneous  equation  of  (2.2.2.2.9): 


2  d2Y 


dC 


dY 

d? 


-  C2Y  -  0 


has  a  general  solution  Y   expressible  in  terms  of  the  modi- 
fied Bessel  functions  of  the  first  and  second  kind  of 
order  1:  I,:,  and  K,  [19] 


YH  =  ^[C1I1(5)  +  C2K1(^)] 


(2.2.2.2.10) 


The  Wronskian  of  Cl-i  /  and  £K,  ,  is  defined  as 


W(CI1/CK1)  = 


51- 


CK. 


^(?ix)  ^(5^) 
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Using  the  Abel's  formula  and  using  the  approximate 

expressions  of  I  ,  I, ,  K  ,  K,  given  in  [19] ,  where  I  ,  K 
c  o    1    o    1  J  nn 

are  the  modified  Bessel  functions  of  the  first  and  second 
kind  respectively,  of  order  n,  we  have: 


£(I-,K   +  I  K-.)  =  1    (2.2.2.2.11) 
^   1  o     o  1 


and 


WUI1,ZK1) 


(2.2.2.2.10a) 


With  this  value  of  W(?I-,/^K1)  ,  and  using  the  method  of 
variation  of  parameters  to  solve  equation  (2.2.2.2.9)  page 
65 ,  we  obtain: 


Y  = 


8Z3/R3 


£i    nK1(n)dn  -  e,k± 

•'o  ' 


0 


ni1(n)  dn 


+  C^  (£!.,_)  +  C2(CK1) 


Integrating  by  parts: 


o 


TiK1dn  =  -  ?KQ  + 


K  (n)dn,  (since  .« ,P  =  -Kj 


ax 


i 


ni^n  =  CiQ  - 


dl 


IQ(n)dn,    (since  ^-  =  I1) 


and  noting  that  KU^0   +  I0Ki>  =  1    (2.2.2.2.11)  we  have 


Y    QZ^/BJ 


K    +  Cl. 


K  dn  +  £K, 

O  X 


0 


I  dnl  +  c1(Ci1)  +  c2(?K1) 
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To  determine  C-,  and  C~t    we  have  the  initial  conditions 


5  »  0,  .Y  =  0,  .Y1  =  0 


since  lim  [£K, (£)]  ~  1 
£+0 


and 


lim 
€-0 


K  dri  ^  lim 
o  °      £+0  Jo 


-log  ndn 


lim  [-n  log  n  +  n]   =  0 
£+0  o 


we  have : 


Y(0)  =  0  =  C. 


Then: 


dY       o 


d?    8Z3/R3 


-1  +  5(I  KQ  +  Klio)  +  5io 


k  dn 
o  o 


-  ?K 


o 


5 


I  dn 
o  ' 


1^  o 


Or,  with  (2.2.2.2.11)  page 
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d£    8t3/R3  L   °  in 


K  dn  -  £K 
o       o 


iodn 


1^  o 


(2.2  .2.2.12) 


When  £  =  0,  —^  =  0  for  any  finite  value  of  C-^, 


therefore  : 


68. 


n 
C 


o 


3  /t,  3 


8Z  VH 


^  +  Kl}       Kodn  +  CK-l 


i  dn 

o 


U  =  '^r  x) 


+.  c^^ 


(2.2.2.2.13) 


From  (2.2.2.2.4),  page  64  we  have: 


Y^ 


o 


2Z7R 


-1  +  I 


K  dn  +  Kn    I  dn 
o  '     1     o  l 
o  Jo 


4z  2  .. 

— £—  C  I 
R*   Ul  1 


(2.2.2.2.14) 


From  (2.2.2.2.5),  page  64  we  have: 


4Z  _,_         o 
YW  «  P  -  r-  +  2z7r 


o 


K 


K  dn  -  K 
o       o 


i  dn 

o 


4Z2  •• 
+      C  I 
R2   Ll  o 


(2.2. 2.2.15) 

Integrating  (2.2.2.2.14)  and  (2.2.2.2.15)  page  68  with 
respect  to  x  with,  at  t  =  0,  v  =  w  =  0,  we  have: 


YV 


2Z/R 


-1  +  I 


o 


KQ(n)dn  +  k± 


2Z 


iQ(n)dn 


4Z 


C,  I 


(0  <  i  <  t^,  (0  <  x  <  u±)  ,    %   =  — 


R2   ~1-1 
(2.2.2.2.16) 


-T 


4Z 


YW  =  pQ(l  -  e   )  -  -^-x  + 


o 


2Z/R 


K  dn  -  K     I  dn 

o      o  L  o 


4Z2  * 

+  w~  cizo 


(2.2.2.2.17) 


<5-£x> 
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The  initial  conditions 


v(x  «  0)  =  wCt  -  0)  =  0 


will  be  satisfied  if  we  take: 


C  (0)  =  0 
o 


C1(0)  =*  0 


(2.2.2.2.18) 
(2.2.2.2.19) 


From  the  equilibrium  equation  (2.1.2.1)  page  21  ,  with 


mQ  =  1,  we  have 


h(xm, ) '  =  h  +  Y 


By    integrating    from   0    to    £ ,    with   Y    from    (2.2.2.2.13) 
page    49#    We   have: 


h£m,    =    h£    + 


8ZVR 


T"  +    f  nIi(ri) 
■to 


r  rn 


L  -b 


Ko(n1)dn1 


dn 


r  rn 


+       nK1(n) 


u  ;o 


Io(nl,dnl 


dn 


■  +  c 


Jo 


ni-L(n)dn/ 


or,    after    some    integrations   by   parts: 


h^  =   h^    +   M*7&  {    "   ^  +    ?Io    ' 


K   dn    -    ?K 
o  o 


i  dn 
o 


+ 


r  m 


Ko(n) 


iQ(n) 


I0(Tl1)dTl1 


r  rn 


i-    'o 


Ko(nl)dnl 


dn 


dn 


(2.2.2.2.20) 


R 


+    C 


ni1dn 
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Shallow  Shell  Approximation 


With  y' 


(~  x)2 


R 


£   <<  1/  we  have  the  following 


limited  series  expansions: 


i_(«  -  i  +  V 


o 


KoU)  *  -  <YE  +  log  |)(1  +  ^-)  +  %- 


Where  y^  is  the  Euler's  constant 
hi 


r   (    n  ,  ^ 


YE  =  lim 
n+°° 


U 


^p.lpJ 


-  log  n 


-  0.5772 


I±(K) 


i+  il 

2    16 


Kl(U  =  |  +  |  -  |(1  -  YE  -  log  §)  -  |^.(1  -  yE  -  log  §) 


o 


Ko(n)dn 


Cd  -  yw  - 


log  f)  +  fy(| 


Yl 


log  §) 


iQ(n)dn 


^   12  ^ 


With  these  results,  we  obtain 


Y  =  xs  =  x2  [  ||i 


R; 


C,   +  -r-  C  X  ] 

1    3   o 


(2.2.2.2.21) 


2Z    ,2ZZ  •   .  1  •   v 
yv  =  -  x  x  (_-  Cl  +  j  Cqx) 


(2.2.2.2.22) 
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-T\    4Z_      4Z 


Yw  =  p^(l  -  e  L)  -  ^  t  +  if-  c,  +  C^x 


(2.2.2.2.23) 
>    "*    3  R2   1      12  "oJ 


hxm,  =  hx  +  T  |^  C,x3  +  ^-  C  x1*  (2.2.2.2.24) 


2)  u  <  x  £  u„:   regime  4-7 


For  this  regime,  we  have  nQ  =  -1,  mn  =  1  and  the  flow 

U  0 


rules  are: 

eA  =  0  ->  v'  -  y"w  =  0  (2.2.2.2.25) 

k  .  =  0  •>  w'  +  y"v  =  A/y  (2.2.2.2.26) 
where  A  is  independent  of  x,  and  may  be  a  function  of  t. 

Eliminating  w,  we  obtain,  with  y"  =  2Z/R  from 

(2.2.1.31)  : 

(Yv)"  +  (^-)2(Yv)  =  ^-  A  (2.2.2.2.27) 


The  general  solution  of  (2.2.2.2.27)  is: 

•     ^      .      2Z      •      2Z 
YV  =  p7/--  +  B  cos  —  x  +  C  sin  —  x   (2.2.2.2.28) 


Then,  from  (2.2.2.2.25),  page  70 


2Z      •      2Z 
YW  =  C  cos  —  x  -  B  sin  —  x      (2.2.2.2.29) 
R  R 


B,  C  are  constants  of  integration  which  may  be 
functions  of  x. 

The  equations  of  motion  (2.1.2.2),  (2.1.2.3) 
become,  with  nQ  =  -1  and  y"  =  2Z/R: 
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(xn  )  '  -  ~(xs)  +  1  =  xyv        (2.2.2.2.30) 

y(xn.)  +  (xs)  *  +  (p  -  —  )x=  xyw        (2.2.2.2.31) 

Elimination  of  xs  from  (2.2.2.2.30)  and  (2.2.2.2.31) 
yields : 

(XV"  +  (¥)2(xrV  =  "  !T(p  ~  ¥)X  +  Y^  +  X^YV)'  +  ^Yw] 


Having yv and  yw  by  differentiating  (2.2.2.2.28)  and 
(2.2.2.2.29)  with  respect  to  x,  we  have: 

(XV "  +  (¥)2(xV  =  -  ir(p  "  ir)x  +  wr  +  5  cos  irx 

J  "   .   2Z   ,  4Z   "      2Z     "   .   2Z  . 
+  C  sin  -zr-x  +  — — x(C  cos  —x  -  B  sin  -^-x) 
K       K  K  K 

(2.2.2.2.32) 
The  general  solution  of  (2.2.2.2.28)  is: 

rC      2Z   ^  "   .   2Z   ^    A       p  -  2  Z/R 

xn^  =  D  cos  ~x  +  E  sm  —x  +  ^-^  -  ^^^zTr"- X 

+  ~-x   cos  -g-x  +  ~-xz  sin  — x         (2.2.2.2.33) 
2         R      *-         R 

D  and  E  are  constants  of  integration  which  may  be  a 
function  of  t . 

From  equation  (2.2.2.2.30)  we  have  then: 

Q         A     ,  -      2Z     -   .   2Z 
xs  =  "  4ZVR2  "  AzVR1*   +  E  cos  —x  -  D  sm  — x 

.«  «• 

C    2  2Z  B2        •        2Z  ft    >\    ^    t    ij\ 

+   rx   cos    —x    -    yx      sin   — x  (2.2.2.2.34) 


73 


4Z 
where   Q  =  p  -  — ,  or  with  p   from  (2.2.1.28): 

K  S 


Q  =  p  -  p   +  6h  (2.2.2.2. 35) 


From  the  equilibrium  equation  (2.1.2.1) 
with  mQ  =  1,  we  have: 

h(xmQ)  '    =   h    +    xs  and 

w 


u  /  \  £    .    v,  Q  A  2,E  2Z 

hCxrn^)     =    F    +    hx    -    42V^X    "    8ZV^"X      +    2z7R   Sin    IT* 

D         2Z     C  r   2x        2Z 

2Z/R   COS  RX    2  l4Z2/R2  C°S  RX 

^\4Z2/R^c2-  2   .   2Z  , 

+  — szvr5"  sin  irx] 


B     r       2x  .       2Z  (4Z2/R2)x2-    2  2Z 

2     l4Z2/R2    Sin     RX  STVR1         C°°     R"' 


(2.2.2.2.36) 

Shallow  shell  approximation 

4  7  2 
Using  the  shallow  shell  approximation  yl2  =  =-5 — x2  <<  1, 

we  have  the  following  series  expansions: 

2Z     ,    2Z2  2    2  Zh    k  8  Z5  c 

cos  —x  =  1  -  ^r-x   +  3  ^x   -  90  ^x 

2Z     2Z     4  Z3  3  ,   4  Z5  5 
sin  — x  =  —  x  -  3  Fx   +  15  rtX 


With  these  results,  we  obtain: 

2Z  • 
^  =  T^P  +  ^X(d  '  l^'  (2.2.2.2.37) 
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yw  =  C  -  ~   Bx  (2.2.2.2.38) 

JK 

;•    8Z3  -    4Z2  -    2Z  2Z  ••    8Z3  - 

A   +    R^"   D    +    fT"E    +    R-"    P         ,  1    -R-  B    ~    rT  D       2 

xn,    =   +    x   +  — x 

9  8Z3/R3  2Z/R  2  2Z/R 


||  (3c  -  ||i  e)x°  +  ij  |  (8|;  -     ..s 


)x3    +     Ly  £    (8^-g-  D         12    |  B)x" 

(2.2.2.2.39) 


E    -    Q         A   +    |4-  D 


'  " «         "    "    R3"  "  1     ,"         4Z 

-    X    +    —     (C    -    vTir-   E)     X 

4Z2/R2  4Z2/R2 


xs    =    -    x    +    ■»     (C    -    ^2—   E)     x 


+    ^    (8    ^-D    -    6    ^B)     x3  (2.2.2.2.40) 


16|^F    +    8|45    -    ^B  |^E    -    Q  A    +    p-D 

hxm ,    = +     [    h    +   ]    x   -    x 

*  16ZVR'  4Z2/R2  8Z2/R2 


+    |    (C    -    |1^E)     x3    +    A    (8    |1d    -    6    §B)     x* 

(2.2.2.2.41) 


3)     u~    _<    x   _<    1 :       regime    5-7 

For   this    regirae,    we   have 


n^   =  -1      ,      mQ  =   1    , 

and  the  flow  rules  are: 

en  =  0  and  k  ,  =  0 

With  the  solutions  from  the  low  pressure  range,  and 
observing  that  in  this  case,  we  cannot  use  the  boundary 
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conditions  at  x  =  0,  we  obtain  the  following  results: 

yv  =  ~  Kx  (x  -  1)  (2.2.2.2.42) 

YW  =  K  (x  -  1)  (2.2.2.2.4  3) 


i     2Z  r^    u  3K  +  Q   2     4  "     3, 

ne  =  -1  -  ~  [G  -  h  -  — ^ —  x   +  3  Kx  ] 


(2.2.2.2.44) 


K  +  Q   ,  J  I-, 


xs  =  G  -  h  -      w  x     I  Kx        (2.2.2.2.45) 


hxm,  =^-K+^Q-G+Gx-  K  *  Q  x3  +  v4  Kx" 
<p    12      6  6         12 

(2.2.2.2.46) 

G,  K  and  its  derivative  K  are  constants  of  integration 
which  may  be  functions  of  t ,  Q  is  known  and  has  been  defined 
in  (2.2.2.2. 35) . 

4)  Summary 

Let  us  integrate  (2.2.2.2.35)  with  Q(0)  =0: 

Q  =  pQ(l  -  e~T)  -  ^  T  =  PQ(1  -  e"T)  -  (ps  -  6h)T 

(2.2.2.2.47) 

With  this  notation  we  have  the  following  results: 
a)  0  £  x  <_  U-,  :  regime  E  -7 

n4>  =  ne  =  _1  '  me  =  1 

and  from  (2 . 2 . 2 . 2 . 21) -  (2  .  2 . 2  .  2  .  24)  : 
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xs    -    x2  [§f-  CX    +    i  CQx] 


(2.2.2.2.21) 


hxm,    -   hx   +   4  —  qx3    +   ^rC    x14  (2.2.2.2.24) 


> 


3    R2    ^r  12      o 


yw 


4_Z2 
R: 


Q  C1    +    Cqx 


(2.2.2.2.23) 


yv 


2Z  ,2Z 


R    X     (R2       ^1 


C,    +   =•  C    x)  (2.2.2.2.22) 


b)    u,     <_  x  £  u„ :       regime    4-7 


nQ    =    -1       ,      mQ    =    1 


and    from    (2.2.2.2.37)-(2.2.2.2.41) 


;•     ,     8Z3    -         4Z2    -    ,     2Z 

A    +     R  *~    D    ^     R?-E    +    -R 

xn.    =    +   

4> 


2Z 


3   /-n  3 


8Z7R 


2Z/R 


.1   R 

x   +   ~  - 


R^   ° 


x 


2Z/R 


,     1    Z     HP    _    4Z 
+    3    R    (3C         R2" 


1     Z     ,8Z 


E)    x6   +  =4r  £   ( 


12    R    VR- 


D    -    12    I-   B)     x4 
R 


(2.2.2.2.39) 


xs    = 


4Z 

R2 


E    -    Q 


A  +  ff-^5 

2    /t^2 


4ZVR  4Z7R 


x    +    i-    (C 


4Z 
R 


E)     x: 


+    I    (P~   B    " 


Z_ 

R 


(2.2.2.2. 40) 


hxm 


16^rF    +    8^D 


'R 


2Z 
R 


B 


* 


"t    /-n't 


+     [    h    + 


4Z 
R2 


-E    -    Q 


16ZH/R 


2/ti2 


4Z7R 


c>7  3  .. 
J      X     -     X^ 

8Z2/R2 


6     ^         R2 


E)     x3   +   ~    (8    |y  D    -    6    £  B)     x4 


24     vw    R3 


Z 

R 


(2.2.2.2.41) 
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•        • 


yw    C    ^  ^x  (2.2.2.2.38) 


2Z  • 

•    A  +  if  B    2Z     •    Z 
W  -  2z7^ +  -^  x  (C  -  ^  Bx)     (2.2.2.2.37) 


c)  u?  <_  x  <_  1:  regime  5-7 

n^  =  -1   ,   me  -  1 

and  from  (2 . 2 . 2 . 2 . 42) -  (2 . 2  .  2 . 2 . 46)  ,  we  have: 

n0  =  -1  -  —  [G  -  h  -  3K2+  Q  x2 .+  |  Kx3]  (2.2.2.2.44) 

xs  =  G  -  h  -  K  ^  Q  x2  +  |  Kx3        (2.2.2.2.45) 

hxm.  =^K  +  iQ-G  +  Gx-  K  *  Q  x 3  +  ^  Kx11 
(p    1Z  b  6  12 

(2.2.2. 2.46) 
yv  =  ~-   Kx  (x  -  1)  (2.2.2.2.42) 

YW  =  K  (x  -  1)  (2.2.2.2.43) 


5)  Boundary  Matching 

•    •    •   2Z  •   •   8Z  3  •  • 
There  are  12  unknowns:  C  ,  C-,  ,  A,    -=r   B,  C,  r— s—  D, 

O    1       R         R 

4Z  2  "   16Z  4  "   •   " 

To  determine  these  unknov/ns ,  we  have  the  following 
conditions  of  continuity: 

a)  Continuity  of  n  ,  s,  rrt   from  equilibrium  considera- 
tions [17]  . 

b)  Continuity  of  yw  because  of  the  assumption  that  shear 
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strains  are  negligible  [17] ,  and  also  from  the  fact  that 
yw  must  be  continuous  in  t,    otherwise  the  acceleration 
would  be  infinite,  which  is  not  possible  because  the  load 
applied  is  finite.   Since  yw  is  a  function  of  u,  and  u„,  and 
U-.  and  u„  are  functions  of  x,  it  is  necessary  that  yw  be 
continuous  across  x  =  u,  and  x  =  u~ . 

c)  Continuity  of  yv:   Here  yv  must  be  continuous  with 
respect  to  t  and  thus  must  be  continuous  across  x  =  U-,  and 
x  =  u2. 

d)  Continuity  of  yw1.   y w '  may  be  discontinuous.   From 
the  yield  surface  and  the  direction  of  the  strain  rate 
vector,  this  discontinuity  can  occur  if  | m , |  =  1,  which  is 

not  the  case  here  since  at  x  =  u,  and  x  =  u„ ,  |m, I  <  1. 

1  2   '  4>  ' 

Therefore  yv; '  must  be  continuous  across  x  =  u,  and  x  =  u  . 

Thus  we  have  six  conditions  of  continuity  at  each 
boundary  resulting  in  12  equations  to  determine  the  12  un- 
knowns listed  above. 

Solving  and  using  the  shallow  shell  approximations 
whenever  possible,  we  have  (Appendix  Al) : 

C  =  2(p  -  p  )  (2.2.2.2.48) 

C   =    2[p    (1    -   e"T)    -    psx]  (2.2.2.2.49) 

i*   -2[pod    -    e"T)    -   Pst]  (2.2.2.2.50) 

~  B   -    2[p0(l    -    e"X)    -    pgT]  (2.2.2.2.51) 

C      =    -2[p    (1    -    e*"T)    -    PcT]  (2.2.2.2.52) 

o  o  ^ 
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'Ml  r 

R2         1 


P^1 


e      )    -    p    t    ^    6hx 


(2.2.2.2.53) 


A  =   - 


(1    +    2Z* 


"T. 


2Z 


^r-  u2^)    =   -2[po(l   -   e    l)    -   psx]  (1   +-^-  u22) 

(2.2.2.2.54) 


8Z 


1         R 


D    -    C 


||-    (Cu22    +    2Cu2u2)     +    0(1^-) 


(2.2.2.2.55) 


E,    = 


4Z 


2      .. 


2    Z 


R2~    E         Q         1  R^"[6(Cu2+   2CU2U2)U1  "  4  (3C~  Q)U1  +  5Cui]ui 


(2.2.2.2.56) 


16Z 

R" 


h      .. 


F    + 


8Z 


3      .. 


R3 


D    -    C 


2    /r,2 


4Z  Z/R 


2    /t-,2 


4Z7R 


i|i    [6(Cu2    +    2Cu2u2)u2 


•  •  «• 


4  (3C    -    Q)u^    +    5Cu^]u2 


(2.2.2.2.57) 


G    =    h    +    O(^) 


(2.2.2.2.58) 


u,  and  u~  are  to  be  determined  from 


•        • 


2    3C  -  Q       5    2 
U2   =  ~C     Ul  "  3  Ul 


(2.2.2.2.59) 


■  n        •• 


6(Cu22  +  2Cu2u2)  (u1  +  u2)  -  4(3C  -  Q)  (u-^  +  u.^  +  u2  ) 


+  5C(u,  2+  u_2)  (u,  +  u9)  =  0 


(2.2.2.2.60) 
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This  system  is  equivalent  to  a  first  order  ordinary 
differential  equation.   Being  highly  non-linear,  it  has  to 
be  solved  numerically.   (Sample  output  in  Appendix  A3) 

6)  Final  Results 

With  the  unknowns  thus  determined,  in  terms  of  u,  and 
u2,  we  have  the  following  results: 

a)  0  £  x  <_  u-,  :  regime  E-7   (Figs.  4a, b) 

ne  =  n$   =  -1 

m0  =  1 


6h  -  (p  -  p  ) 


x   -   4  (P  -  P  )x*  (2.2.2.2.61) 


m,  =  1  - 


6h  -  (p  -  p  )       P  -  P 

S     2 
X    - 


6h 


6h 


-  x3  (2.2. 2.2.62) 


yw  =  2[p  (1  -  e  L)  -  p_x] (1  -  x)  (2.2.2.2.63) 


yv 


2Z 


x 


6hx-[p  (1-e  T)-psx]    2[p  (l-e~T)-p  t] 
+  _ x 


(2.2.2.2.64) 


b)  ui  1  x  1  u9:  re9ime  4"7   (Figs.  4a, b) 


ne  =  -1   ,   mQ  =  .1 


nA  = 


■* 


R.  x 


f  5(p-p  )-6h 


x 


2  ,        ,2  2   2 

u,+u,u~+u„  u,u„ 

12   2  2     12 

1  ^. 


Ul+U2 


Ul+U2 


5  (p.  -.  PJ 


[x4  -  (Ul2  +  u22)x2  +  u12u22] 


(2.2.2.2.  65a) 
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After  some  manipulations,  n.  can  be  written  in  the 


form: 


s     (X-U  ) (U  -X)  r 

n^  =  -1  +  |  | ± * {  (P-ps)  x2-[2(P-ps  -  1.2h) 

-  (p-ps) (u1+u2)]  x  -  [2(p-ps  -  1.2h) 

-  (P-P8)(u1+u2)]  J^  }  (2.2.2.2.65b) 


s  =  same  as  (2.2.2.2.61) 
m.  =  same  as  (2.2.2.2.62) 

yw  =  same  as  (2.2.2.2.63) 

YV  =  ~    [p  (1  -  e~T)  -  pi]  (-x2  +  2x  -  u  2)    (2.2.2.2.66) 

K      O  S  Z 


c)  u2  <_   x  _<  1:  regime  5-7 

n^  =  -1   ,  mQ  =  1 

nQ  =  -1  +  —■  [  |(p-ps)x3  -  |(P-PS  -  L2h)  x2  ]  (2.2.2.2.67) 

s  =  same  as  (2.2.2.2.61) 

m,  =  same  as  (2.2.2.2.62) 

yw  =  same  as  (2.2.2.2.63) 

YV  =  ~  [  p  (1  -  e~T)  -  p  t]  x  (1  -  x)  (2.2.2.2.68) 

x\       O  S 

With  these  results,  it  has  been  verified  that  all  the 
conditions  of  continuity  are  satisfied. 
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We  have  also  verified  that  the  equations  of  equil- 
ibrium are  all  satisfied  within  the  limits  of  the  shallow 
shell  approximation,  (equations  2.1.2. .-2.1.2.3.) 

From  (2.2.2.2.  59)  which  is 

2    3C  -  Q       5    2 
u2   =  — ~—  ux  -  3  ux 

and  with  C  and  Q  from  (  2 . 2 . 2 . 2 .4 9 )  and  (2.2.2.2.47),  we  have: 

5 [p  (1  -  e   )  -  p  t  -  1.2hi]       c 

2          O                    S  ~>  2 

u     = u    _  _  u   z 

2[pQ(l  -  e"T)  -  psx]       X    J 

(2.  2. 2.2.69) 

Let: 

p  (1  -  e"T)  -  p  t  -  1. 2hi 

f  ( x )  =  — = (2.2.2.2.70) 

p  (1  -  e   )  -  p  t 
^o  ^s 

We  can  write  (2.2.2.2.69)  in  the  form: 


2      2  r  5  f(T)    5  i 
2      1     2   u-,     3 


Let: 


1 

Then  we  derive: 


g  =  [  §  ~^-   -    |  ]  1/2  (2.2.2.2.71) 


ut  =  T^Z-r^  (2.2.2.2.72) 

1    10+6g2 


^-IW2  (2.2.2.2.73, 
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and  the  solution  of  the  system  (2.2.2.2.59)  and 
(2.2.2.2.60)  is  equivalent  to  the  determination  of  the 
function  g. 

•  •  • 

From  (2.  2. 2. 2.  7  3)    we    can   have    u~    in    terms    of    f,    f,    g,    g. 
Substituting    into    (2.2.2.2.60)     the    expressions    of    u, ,    u„    in 
(2.2.2.2.72),     (2.2.2.2.73)     and    u„    obtained  by    differentia- 
tion  of    u    ,f(i)     and    therefore    £(t)    being   known,    we    arrive    to 
the    following    equation    to    determine    g: 

[po(l    -    e"T)     -    psi   -    1.2hT][po(l    -    e"T)    -   psx](3g2    -    5)g   = 
(3g2    +    5)     x    |    (A)  (poe"T    -   Pg)  [po(l    -    e"T)    -    psx   - 

-  1.2hT](llg2    +    5)/g    -     (~)  (p    e~T    -   p      -    1.2h)     x    [p    (1    - 

j.  o         o  s  o 

e~T)    -    psx]  (g2    +    g   +    1)  (6g2    +    10)/[g(g+l)]  -    1.2hpQ[l    - 

-  (l+x)e"T]g  1  (2.2.2.2.74) 


To  determine  the  initial  value  g   of  the  auxiliary  var- 
iable  g,  we  assume  that  the  applied  pressure  p  is  main- 
tained to  the  constant  value  p   from  0  to  T  ,  and  is  allowed 

^o  o 

to  decrease  exponentially  for  t  >  T  .   Then  for  0  _<  t  _<  T  , 
g  will  have  a  constant  value  g   and  therefore  g  =  0  and 
f  =  0  for  0  <    t  <  T  .   From  (2.2.2.2.74),  with  p=p  e   and 


p  (1-e  T)  replaced  by  p   and  p  t  respectively,  g=  0,  and 


noting  that  the  last  term  -1.2hp  [1  -  (1  +  x)e   ]  comes  from 
f  which  is  zero  in  this  case,  we  have  the  following  equations 


to  determine  g  : 

Jo 


84 


1                      11(3o2+5 
l2(po-ps)  (P0-ps~1-2h)— g 

1  (go2  +  90+1)  (6^o  +10) 

-  ~(p   -p  -1.2h)  (p  -p  )— - - =  0 

18  ^o  ^s        ^o  ^s         , 


W1' 


which  can  be  reduced  to: 


2(go2+gQ+l)  (6gQ2  +  10)  -  3  (gQ+l)  (llgo2+5)  =  0 


or,  rearranging 


(go  -  1) (12gQ3  -  9gQ2  -  10go  -  5)  =  0 

(2.2.2.2.74a) 

In  the  limit,  when  T   ->  0  ,  this  argument  is  still 

o  J 

valid,  and  the  initial  value  of  g  is  to  be  determined  from 
(2.2.2.2.74a).  The  solution  g   =1  corresponds  to  u,  =  u„ 
and  has  been  found  to  be  unfit.   Therefore  the  initial  value 
g   is  the  solution  of: 

12  g  3  -  9g  2  -  lOg   -5=0     (2.2.2.2.75) 
^o      ^o       o 

which  has  one  real  root: 

g   -  1.494  (2.2.2.2.76) 

^o 


With  the  initial  value  g   of  g  determined  by  equation 

•      •  + 

(2.2.2.2.75) ,  the  initial  value  g   of  g  at  x  =  0   from 

(2.2.2.2.74)  will  have  the  form  ^.   Using  the  L 'Hospital ' s 

rule  to  find  the  true  limit  of  g  ,  we  obtain: 

^o 
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2.4p  (6g2+10)  (3g"-6g3-g2+5g  +5) 

g   = x 

°    (p  -p  )  (p  -p  -1.2h)    432g5-414g'*+S72g3-900g2-320g  +50 

(2.2.2.2.76a) 

With  the  initial  values  of  g  and  g  thus  determined,  we 
can  then  integrate  equation  (2.2.2.2.74)  numerically.   With 
g  known  for  each  value  of  t,  we  can  determine  the  corre- 
sponding values  of  u,  and  u„  by  using  equations  (2.2.2.2.72) 
and  (2.2.2.2.73).    (Sample  output  in  Appendix  A3) 

We  observe  from  the  expression  of  f(x)  in  (2.2.2.2.70) 
that: 

. .   p  (1-e   )  -  p  t  -  1 . 2hx    p  -p   ~  1 . 2h 

f(0)  =   -  ^-—^ "  -^ 

p  (1-e   )  -  p  t  p  -p 

^o  s  ^o    s 

from  which  we  have: 

P-Ps  "  l-2h 
U   ■=  — x  ±± (2.2.2.2.77) 

10       p  -p        10  +  6g  2 
^o  ^s  ^o 

p  -p   -  1.2h      15g 

u    =  — x (2.2.2.2.78) 

20       p  -p         10  +  6g  2 
^o  ^s  ^o 

From  these  expressions  of  u,fi  and  u2Q,  we  can  see  that 
unn  and  uon  are  positive  only  for  p  -p_  >  1.2h  and  thus  find 

J_U  £.  U  OS 

again,  by  a  different  way,  that  for  p  -p  ±   1 . 2h ,  the  whole 
shell  collapses  in  one  regime. 

We  can  also  see  that  the  value  x,  of  i  for  which: 

u1   =  u2  =  0 
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is  determined  by 


fCi^)  -  0        or 


p  (1-e  Tl)  --  p  t,  -  1.2hx..  -  0    (2.2.2.2.79) 
o  rs  1        1 


At  T  =  t,,  the  collapse  regime  5-7  of  the  interval 
u„  £  x  <_  1  spreads  to  the  whole  shell  and  the  first  stage 
of  motion  ends . 

B.  Second  Stage  of  Motion/  x,  <_  x  <_   xf 

For  x  _>  x,,  the  whole  shell  collapse  under  regime  5-7 
as  in  the  low  pressure  case.   The  expressions  for  the 
stresses:   n~,  s,  m,  and  for  the  acceleration  of  the  cen- 
tral  point  yw   remain  the  same,  because  we  have  the  same 
equations  of  equilibrium  (2  . 1 . 2 . 1) -  (2 . 1 . 2 . 3)  with  the  same 
known  stresses:  n,  =  -1,  mfi  =  1,  and  the  same  boundary  con- 
ditions . 

Thus  we  have,  from  (2 .2. 2 .1.11) - (2.2. 2.1.13) : 

6h  -  (p-pj      2(p-p  ) 
s  = = —  x  -  5-^-  x2  (2.2.2.1.11) 


nQ   =  -1  +  ^  [§(P-Ps)x3  -  |(p-ps-1.2h)x2] 


(2.2.2.1.12) 


i    6h  "  (P"Ps}   2    P"Ps   3 
m4>   =  X 6h X   "  "eh-  X 


(2.2.2.1.13) 
and  from  (2.2.2.1.7): 

Ywo  =  2(p-ps)  =  2(poe"T  -  ps) 
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The  flow  rules  remain  the  same,  and  from  (2.2.2.1.9), 
(2.2.2.1.10),  we  have: 


yw   -    yw    (l"x) 


Yv   =    — ywqx(1-x) 


To 


determine    yw    ,    we    integrate   yw      from   t,     to    t 
1    o  3  '    o  1 


YWq(t)     -    YWq(t1) 


Tl 


yw    dx    =    2 
o 


'Tl 


(poe         -    Ps)dx 


yw    (t)    -    YWq(t1)    -    2[pQ(e      1    -    e      )    -    p^t-t^)] 


From    (2.2.2.2.63),    we   have: 


yw    (t,)    =    yv;    (t,)    =    2[p    (1-e    Tl)    -    p    t 


o"    1 


o"     1 


o 


sLl 


Therefore 


-Ti  -T 


-T 


Ywo(t)    =    2[pQ(e    Ll    -    e    l)    -   Ps(t-t1)]    +    2[po(l-e         )    -    p^] 


-T 


ywQ(T)    =    2[po(l-e    l)    -    psx] 


With    this,    we   have: 


yw    =    2[p    (1-e    T)     -    p    x] (1-x) 

O  o 


(2.2.2.1.9) 


yv   -   i|[p    (1-e    T)     -    p    t]    x(l-x)  (2.2.2.1.10) 

R      o  s 
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These  expressions  are  exactly  those  obtained  in  the 
case  of  low  pressure  (2.2.2.1.9)  and  (2.2.2.1.10). 

We  can  conclude  that  for  t  >^  x  ,  the  expressions 
for  the  stresses  and  velocities  are  the  same  as  in  the  low 
pressure  case. 

By  the  way,  we  note  that  these  expressions  are  also 
those  corresponding  to  the  interval  u   <  x  <  1  in  the  first 
stage  of  motion.   Thus  after  spreading  to  the  whole  shell  at 
T  =  T, ,  the  solution  for  this  regime  remains  valid  after- 
wards, which  is  what  we  expect,  and  which  ensures  the  contin- 
uity of  the  solution  with  respect  to  T. 

At  t  =  Tf  determined  by 

p  (l-e"Tf)  -  p  t,  =  0  (2.2.2.2.80) 

^o  *s  f 

which  is  the  same  as  (2.2.2.1.14)  we  have  yw  =  yv   =  0  and 
the  motion  ceases . 

We  can  visualize  the  relative  portions  of  x,  deter- 
mined by  (2.2.2.2.79)  and  x   determined  by  (2.2.2.2.80) 
above  in  the  following  graph: 


Dynamic 
Pressure 
Profile 
(a) 
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Relative 
Positions 
of  T,  &  T 

(b) 


(p  +1.2h) t 
^s 


tan   (p  +1.2h) 


Fig.  11 
Admissibility  of  the  Solution 
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1 .  Kinematic  Admissibility  9 0 

a)  0  <_   t  <    t, 

i)  0  _<  x  <_   u,  :  regime  E-7 

Conditions  for  kinematic  admissibility: 

eQ  <  0  (2.2. 2. 2.81) 

e,  <  0  (2.2.2.2.82) 

9  - 

kQ  >  0  (2.2.2.2.83) 

From  (2.1.1.1)  and  with  w  and  v  from  (2.2.2.2.63)  and 

(2.2.2.2.64)  respectively,  we  have: 

2Z  /8r   ..   -t,       ,     5[po(l-e"T)-psx  -  1.2hT]  ^ 

(2.2.2.2.84) 

since  for  t  <  x,  ,  p  (1-e   )  -  p  t  -  1.2hx  >  0  and 
—   1   *o  ^s  — 

Po(l-e"T)  -  psT  >  0, 
efi  will  be  negative  if 

15  P0(1-e"T)  ~  PsT  -  1'2hT 

—  16  ,,    -Ti 

PQ(l-e   )  -  psx 


(2.2.2.2.85) 


From  (2.1.1.3),  we  have,  similarly: 


^e'*  ■  ¥■  {  X[po(1-e"T)  -  PsTlx  -  |tPo(1-e"T»  -  PsT  -  X-2hT] 


(2  .2.  2.  2.  86) 


e,  will  be  negative  if 


p  (1-e  T)  -  p  x  -  1.2hx 

x  <  il  — (2.2.2.2.87) 

-  2°      P0d-e-)  -  psx 


91. 

•  « 

From  (2.1.1.2),  with  w  and  v  from  (2.2.2.2.63)  and 
(2.2.2.2.64)  respectively,  and  using  the  shallow  shell 
approximation,  we  have: 

YKe  =  ~[po(l-e~T)  -  psT]       (2.2.2.2.88) 

From  this  expression,  we  can  see  thatyK   is  positive 
for  0  <_  t  <_  Tf  and  thus  (2.2.2.2.83)  is  satisfied.   Compar- 
ing (2.2.2.2.85)  and  (2.2.2.2.87),  and  noticing  that 
0  <_  x  <_  u,  ,  we  see  that  both  conditions  (2.2.2.2.81)  and 
(2.2.2.2.82)  are  simultaneously  satisfied  if  we  have: 

T  c  Pn(l-e"T)  -  pi  -  1.2hT 
u   <  ±3.   _i£ E_ (2.2.2.2.89) 

1—20        ,,   -t. 

po(1_e   )  _  PsT 

A  numerical  approach  has  been  used  for  p  -p    having 
the  values  2.0,  4.0,  6.0  and  for  the  ratio  of  (Z/R)/h  having 
the  values  4.0,  8.0,  12.0,  16.0,  20.0  (which  is  equivalent 
to  the  ratio  of  depth/thickness   having  the  values  1.0,  2.0, 
3.0,  4.0,  5.0).   It  has  been  found  that  condition  (2.2.2.2.- 
89)  is  always  satisfied;  thus,  for  this  range  of  t  and  x, 
the  solution  is  kinematically  admissible.   (Appendix  A3) 

ii)  u,  _<  x  _<  u„:  regime  4-7 

Conditions  for  kinematic  admissibility: 

eQ  <  0  (2.2. 2.2.90) 

KQ  >  0  (2.2.2.2. 91) 

With  w  and  v  from  (2.2.2.2.63)  and  (2.2.2.2.66) 
respectively,  we  have: 


92. 

2    2 

Since  x  <  u„,  we  have  e„  <  0. 
—   /  U  — 

With  w  and  v  from  (2.2.2.2.63)  and  (2.2.2.2.66) 

respectively,  and  using  the  shallow  shell  approximation,  we 

find  again: 

yKq  =  — [p  (l~e   )  -  p  t] 
'  6    x  ^o  ^s 

which  is  positive. 

Thus,  in  the  interval  (u-,,u?),  the  solution  is  admis- 
sible provided  u,  and  u^  exist  and  such  that  0  <_  u,  _<  u„  <_  1, 
A  numerical  approach  has  been  used  to  solve  for  u-.  and  u„ 
and  it  has  been  found  that  they  do  exist  and  are  in  that 
order.   (Sample  output  in  Appendix  A3) 

iii)  Up  <_   x  <_   1:  regime  5-7 

The  solution  for  this  interval  is  the  same  as  in 
the  low  pressure  case.   It  has  been  proved  that  the  solution 
is  kinematically  admissible  for  x  <  xf . 

Therefore  the  solution  is  kinematically  admissible  for 

0  <_  T  <_     T,. 

k)  Ti  Ji  T  £.  Tf:  regime  5-7 

The  solution  for  this  stage  of  motion  is  the  same  as 
that  for  the  low  pressure  case.   This  solution  has  been 
proved  to  be  kinematically  admissible;  therefore  the 
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solution  is  kinematically  admissible  for  0  <  t  <  Tf. 


2 .  Static  Admissibility 


a)  n.  : 


Condition  for  admissibility:   -1  <  n,  <  0 

-   <j>  - 

For  0  <  x  <  u,  and  u~  <  x  <  1.  nJ  =  -1 
—    —   1       Z   —        —  cp 

For  u-,  _<  x  <_   u „ ,  we  have 


from  (2.2.2.2.6  5b): 


5  Z  (X-U1}  (U2_X) 


n^  =  -1  +  -g-  g  —  P(x)     (2.2.2.2.92) 


x 

where : 

P(x)  =  (p-ps)x2  -  [2(p-ps  -  1.2h)  -  (p-ps)  (u]_+u2)]x 

-  [2(p-ps  -  1.2h)  -  (p-pB)(u1+u2)]  ^§- 

P  (x)  is  a  polynomial  of  2nd  degree  of  the  form 
P(x)  =  Ax2  -  Cx  -  D 

From  this  expression  of  n  ,  we  see  that  a  necessary 

condition  for  n,  to  be  admissible  is  that  P (x)  be  positive 

<J, 

If  S  is  the  sum  of  the  roots  of 

P  (x)  =  0  ,      we  have 


The  numerical  approach  which  computes  u,  and  u„ 


also  evaluates  P  (u-,  )  ,  P(u„),  and 
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(DD1)  E  u 


1 


(DD2)  5  u2  -  | 


It  has  been  found  that  for  the  range  of  pressure: 
1.2h  <_  P  ~P   £  6h,  and  for  the  height  of  shell  ranging  from 
1  to  5  times  its  thickness,  (DDl)  and  (DD2)  have  same  signs 
and  P  (u2)  >  P  (uJL)  >  0. 

Since  (DDl)  and  (DD2)  are  both  positive  or  both  nega- 
tive, u-j  and  u~  are  on  the  same  side  of  S/2.  We  have  thus 
the  following  disposition,  according  to  the  sign  of  A=  p-p 


P(x) 


Fig.  13a 

A  =  p-p   >  0  and  P(x)  =  0 
has  imaginary  roots 


Fig.  13b 

A  =  p-p   >  0  and  P (x) 
has  real  roots 


0 
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P(x) 


Fig.  13c 
A  =  P-Ps  <  0 


thus  in  any  case,  P  (x)  >  0  for  u.,  _<  x  £  u„. 

The  maximum  value  P(u„)  of  P  (x)  is  of  the  order  2h 
From  the  expression  of  n,  in  (2.2.2.2.92)  we  have: 

q     (x-u, ) (u9-x) 

(n.)     <  -1  +  |  §  [ ±- ± ]    x[P(x)] 

(p  max  —        6  R         X         max         max 


It  can  be  proved  that: 


(x-u.,  )  (u0-x) 

r         J-       ^       T  /  / / \  2 

x        max      2      1 


Since  0  <  u,  <  u?  <  1,  ( /uT 


^)2    <  1 


and  [P  (x) ]     =  P(u0)  -  2h, 
max        2. 
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we  have: 

(n.)     <-i  +  5  Z  h 
<p  max  —      3  R 

Since  Z/R  and  h  are  smaller  than  1,  we  see  that 

(n.)     <  0.   Thus  n,  is  admissible  for  reqime  4-7. 
<p  max  (p  J 

b)  m,  : 

Condition  for  admissibility: 

0  <  m,  <  1 
-   9  - 

m,  has  the  same  expression  as  in  the  case  of  low 
pressure  range,  and  it  has  been  proved  that  m,  is  admis- 
sible for: 

p  -p   <  6h  (condition  (2.2.2.1.17)) 

^o   s  — 

and        12h  +  p  e~Tf  -  p   ^  0   (condition  (2  .  2  .  2  . 1  .  19)  ) 

Condition  (2.2.2.1.19)  has  been  found  numerically  to  be 
satisfied  for  the  range  of  pressure:   p  -p   <_  6h  and  for 
the  height  of  the  shell  varying  from  1  to  5  times  its  thick- 
ness.  (Sample  output  in  Appendix  A3) 

Therefore  m^  is  admissible  for  p  -p   <  6h. 
9  ^o  ^s  — 

O  n0: 

Condition  for  admissibility: 

"I  <ne  <  0 
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From  the  expression  of  nfi  in  (2.2.2.2.67),  we  can 
write  n„  in  the  form: 

nQ  =  -1  +  ^-x2  x  s(x)         (2.2.2.2.93) 

o  K 

where 

S(x)  =  |(p-ps)x  -  f(p-ps  -  1.2h)     (2.2.2.2.94) 

For  nn  >  -1,  we  must  have 
o  — 

S(x)  >  0 

i)  If  p-p   >  0,  S(x)  is  monotonically  increasing 
function  of  x,  and  S (x)  is  positive  for  u   <  x  <  1  if 
S (u„)  is  : 

(AD2)  =  s(u2)  =  |(Poe~T  ~  Ps)u2  -  |(p~Ps  -  1.2h)  >  0 

(2.2.2.2.95) 

The  maximum  of  n   occurs  at  x  =  1,  and  its  value  is: 

o 

<Vmax=  -1  +  "  tf'P-Ps)  "  !<P-Ps  -  X-2h»J  =  -1  +  TC1™*™ 


Since  p-p   <  6h,  we  have 
^o  ^s  — 

("e»„x  S  -1  +2|(h+3h)  "  -1  +  8hI 

Since  h  and  —  are  small  compared  to  1,  we  see  that, 
we  have: 

(nfl)     <  0 
0  ma  x 
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ii)  If  p-p   <  0/  S (x)  is  monotonically  decreasing 
function  of  x  and  S(x)  is  positive  for  u„  <  x  <  1  if 
S(l)  is: 


S(l)  =  §(P-P<J  -  |(P-PS  -  L2h)  >  0 


or       p-ps 


+  3h  >  0 


or       p-p   +  18h  >_   0 

Since  p  decreases  with  x,  this  condition  is  satisfied 
for  x  <  t,  if  it  is  at  t  =  x,  : 


peTl-p      +18h>0 
^o  ^s  — 

If  we  compare  this  condition  with  condition  (2.2.2.1.19) 

and  notice  that  i"   >  x,  and  hence 

p  e   !  >  p  e   f,  we  can  see  that  it  is  always  satisfied  if 
(2.2.2.1.19)  is. 

From  the  expression  of  n   (2.2.2.2.67),  we  have: 

n'e  =  !T[8(p~ps)x  "  5(p"ps  ~  1-2h^x 

and    n*   =  0 

0        5(1.2h+ps-p) 

for   x   =  5-7 v 

n      8(ps-p) 

and  nn  has  an  extremum  whose  value  is: 

0 

5(1.2h+p  -p) 
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This  extremum  is  larger  than  -1.   For  this  cxtreraum 
to  be  admissible,  we  must  have  also: 

(Vext  <  ° 

2Z   2    5(1.2h+p  -p) 

-^xn2  x  _ <  i  or/ 

since  x  2  <_  1,  this  condition  will  be  satisfied  if  we  have: 


2Z    5(1.2h+p  -p) 


X 


<  1  (2.2.2.2.96) 


R         6 

From  condition  (2.2.2.1.19),  we  deduce: 

p  -p  <  p  -p  e   f  <  12h 
^s  c    —  ^s   o      — 

With  this  result,  we  have: 

5(1.2h+p  -p) 

¥ *  — 6-^—  1  22hl 

Therefore  condition  (2.2.2.2.96)  will  be  satisfied  if: 

22h  x  |  <  l 

is. 

This  condition  is  precisely  condition  (2.2.2.1.25)  and 
we  know  that  it  is  satisfied  for  a  thin,  shallow  shell. 

The  numerical  method  which  gives  u,  and  u?  has  also 
found  that  condition  (AD2)  defined  in  (2.2.2.2.95)  is 
satisfied.   (Sample  output  in  Appendix  A3) 

For  t,  <  t  <  Tf,  n   has  the  same  expression,  but  now 
it  has  an  extremum  at  x  =  0 .   To  be  admissible,  this 
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extremum  must  be  minimum  or 


^n"e)x=0  -  °  or:  p~ps  -  1-2h 

Since  p  decreases  monotonically  with  t,  this  condition 
will  be  satisfied  for  t  >  t,  if  it  is  at  t  =  t, : 


p-p   <pe   1_p   <1.2h 


s  —  *■  o 


(2.2.2.2.97) 


(ps  +  1.2h)x 


Fig.  14 
Relative  Positions  of  x   and  t. 


n 


The  function  p  (1-e   )  has  a  derivative  equal  to  p  e 
From  the  law  of  the  mean  in  mathematical  analysis, 


there  is  a  value  t   of  t 

n 


0  <  Tn  <  t±    ,  such  that: 


(l-e-Tl) 


=  p  e  Tn 
^o 


101. 
From  (2.2.2.2.79),  we  have; 


Po(l-e   -L)  =  (ps  +  1.2h)T1 


Therefore : 


poe~Tn  =  ps  +  1.2h,  (0  <  Tn  <  x1) 

Since  t^    <    t,  and  since  p  e    decreases  monotonically , 
we  have: 


-t        — T 
p  e     <  p  e   n  =  p   +  1.2h    or 


peT1-p   <1.2h 
^o       ^s 


and  condition  (2.2.2.2.97)  is  always  satisfied. 

Thus,  we  have  found  that  nQ  is  admissible  for 

0  £  T  £  Tf. 


3.  Conclusion 

The  solution  is  found  to  be  kinematically  and 
statically  admissible  and  is  therefore  an  exact  one  accord- 
ing to  the  yield  surface  which  has  been  selected. 

D.  Maximum  Central  Deflection  and  Energy  Absorbed. 

Since  yw  has  the  same  expression  as  in  the  case  of  low 
pressure  in  both  stages  of  motion  (0  £  t  £  t,  and 
T,  £  i  £  Tf)  the  central  deflection  and  the  energy  absorbed 
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will  have  also  the  same  expressions:   (the  difference  is 
now  p  -p   can  go  up 

From    (2.2.2.1.27a): 


that   now  p    -p      can   go    uo   to    6h) 
ro      s 


ywQ    =    2[(po-ps)Tf    -   |psTf2]  (2.2.2.1.27 

From    (2.2.2.1.28)  : 

2ttR2N       r    p    2  % 

Eabs   ■   -37^  {   HH1    -   e"Tf)2    -   PoPs[1   "    d+V"tfl    } 

(2.2.2.1.28) 


E.  Final  Displacement  Distribution. 

1.  Normal  Displacement  Component. 

By  integrating  (2.2.2.2.63)  with  respect  to  t,  and 
observing  that  at  t  =  0,  yw  =  0/  the  final  normal  displace- 
ment component  ywf  can  be  written  as: 

Ywf  =  2[(pQ-ps)Tf  -  ~  PsTf2] (1-x)     (2.2.2.2.98) 

2.  Tangential  Displacement. 

The  expression  for  the  tangential  displacement  yvf 
depends  on  the  position  of  x. 

If  u,ft  and  u?r)  are  the  initial  values  of  u,  and  u2 
respectively  at  t  =  0,  we  have: 

a)  u    <^  x  <_  1:   integrating  (2.2.2.2.64)  with  respect  to  x, 
we  have: 
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Yvf   = 


4Z  r  \  1  2l        ,1  X 

-T[po-ps)Tf   -   2PsTf   3xC1"x? 


(2.2.2.2.99a) 


b)  u10  1  x  1   u?0:   using  the  velocity  from  (2.2.2.2.64)  and 

(2.2.2.2.66) ,  we  have : 


YVf  =  -^ 


27  fTx2 

[pn(l-e  u)    p  x] (2x         u0z)di 
o     o  s  z. 


-T 


11 

R 


[p  (l-e  T)  -  p  T]x(l-x)dT    (2.2.2.2.99b) 

U  o 

:x2 


where  x  „  is  the  value  of  x  for  v;hich  u„  =  2 
x2  2 


u2(xx2)  =  X 


x  2  can  be  found  numerically. 


c)  0  £  x  <_  u,  - :   using  the  velocity  from  (2.2.2.2.64)  , 
(2.2.2.2.66),  and  (2.2.2.2.68): 
we  have: 


2Z 


T   lf6hT-[p    (l-e"T)-p   t]         2[p    (l-e    T)-Pst]       , 
{ x +   = x>dx 


2Z 
R 


fT 


x2[po(l-e    T)-psx] (2x-x2-u22)dx 
xl 


4Z 

R 


xl[po(l-e    T)-psx]x(l-x)dx 
x2 


(2.2.2.2.99c) 
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t  ,  and  x  9  are  the  values  of  t  for  which  we  have 


respectively:   x  =  u,  and  x  =  u_ 


Ul(Txl}  =  X 


U2(Tx2)  =  X 


These  expressions  of  yv^   are  rather  complicated. 
Since  yvf  is  not  important  compared  to  Ywf  approximately 


yvf      Z 


and  Z/R  is  small  for  shallow  shell,  we  do  not  evaluate  yvf 
numerically . 
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2.2.2.3  Medium  High  Pressure  Ranae  6h  <  p   -  p   <  Ah 

A.  First  Stage  of  Motion,  0  <  t  <  x 
2 _    —   o 

When  p   -  p   >  6h,  then  from  the  expression  of  m,  in 
^o    ^s  r  <j> 


(2.2.2.2.62) : 


p  -  p   -  6h 

(m"J   n  =  of >  0 

q>  x  =  0        3h 


which  means  that  there  is  a  minimum  at  x  =  0 .   Since  at 

x  =  0,  m,  =  1.  this  also  means  that  m,  will  increase  from  1, 

which  is  not  possible  for  rigid  perfectly  plastic  material. 


n 


9 


m 


2 

cJ 

B 

3/ 

1 

D 

A 

4 

A> 

1 

E 

5 

F 

n 


0 


♦ 


8 

9// 

K 

H 

/ 

L 

G 

0 

/      3 

•-*< 

M 

a 

N 

m, 
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We  therefore  assume  these  collapse  regimes  for  the 

3 

shell: 


0  <  x  <  u  :  regime  E-H 

—   —  o  ^ 

u   <  x  <  u, :  regime  E-7 

o  —   —   1  ^ 

U-.  _<  x  £  u„:  regime  4-7 

u„  _<  x  _<  1  :  regime  5-7 

The  solutions  are  then: 


1)-  0-  <  x  <  u  :  regime  E-H 
—   —  o     3 


n<j>  =  n6  =  _1 

mA  =  m,  =  1 

0     <p 


Then  from  (2.1.2.1) : 

xs  =  0   ,   s  =  0 
From  (2.1.2.2)  : 


yv  =  0,      (2.2.2.3.1)  ,   then: 
yv  =  0,      (2.2.2.3.2) 

and  from  (2.1.2.3): 

4  Z 
xyw  =  (p  -  -^-)x,  or  with  Q  defined  in  (2.2.2.2.35) 
R 

yw  =  Q   (2.2.2.3.3)  ,  then 

yw  =  Q      (2.2.2.3.4) 

where  Q  has  been  defined  in  (2.2.2.2.47). 
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2)  u   <  x  <  u, :  regime  E-7 
o  —   —   1     3 

The  equations  of  equilibrium  and  the  flow  rules  are 

the  same  as  those  corresponding  to  the  interval  0  _<  x  _<  u,  , 

first  stage  of  motion,  of  the  medium  pressure  case. 

Therefore  the  resulting  equation  of  the  system  in  terms 
of  Y  =  xs  is  the  same  as  in  (2.2.2.2.9)  which  is: 


d2Y 


K 


dY 


C2Y  = 


'o 


8Z3/R 


T  C3 


But  now,  we  have  only  one  boundary  condition: 

at  x  =  u  ,  Y  =  0,  since  s  =  0  at  x  =  u   and  s  must  be  con- 
o  o 

tinuous . 

The  exact  solution  has  been  found  (page  66)  to  be,  with 
C„  now  different  from  zero: 


Y  = 


8Z3/R3 


-5  +  Si- 


K  dn  +  £K, 
o       1 


Jo 


i  dn 

o 


+  C1(CI1)  +  C2(?K1) 


2Z 
5  =  "R"X 


(2.2.2.3.5) 


Expanding  and  using  the  shallow  shell  approximation,  we 
obtain: 

Y  =  |1-  C^2  +  i  Cox3  +  C2 

Using   the   boundary    condition: 


Y(uq)    =    0, 


we   obtain: 


Co    -   -   If-  Cnu2    -    \  C    u3 
2  R2         1    o        3      o   o 


(2.2.2.3.6) 
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With  this,  we  have  then: 


Y  =  xs  = 


2Z 


R2   ~1 


C,  (x^-u  z)  +  =-  C  (x3-u  3)  (2.2.2.3.7) 


3  „   3 


3   o 


From  equation  (2.2.2.2.5)  we  have,  with  Y  from 
(2.2.2.3.5)  : 


xyw  =  Qx  + 


o 


2  /r,2 


4Z7R 


£1 


'o 


k  dn-  k 
o     o 


i  dn 
o 


+  lK<"o> 


f  c2(5Ko) 


(2.2.2.3.8) 


Expanding  and  using  shallow  shell  approximation,  we 
obtain : 


xyw  =  Qx  +  CQx2  +  if-  Cxx  +  if-  C2(yE  +  log  ^)  x 


where  y^  is  the  Euler's  constant  defined  in  page  70 
E 


With  Cy    from  (2.2.2.3.6),  we  have 


yw  =  Q  +  C  [1- 


4  Z2  Uo 


o-  3  R2   x   (^E  +  log  R  X  ]X 


4Z   'A        r  i     2Z      2  ,     .  i     Z   .   , 
R2-  Cl  [  1    ~    RT-'  Uo  (^E  +  l0g  R  X)  ] 


z     z  z 

Since  —  log  —  is  small  when  —  is  small,  and 

ii  3 

4  Z2   o  Zx 

YE  -  0.5772,  we  see  that  we  can  neglect  -^  ■=-£  — —  (y  +log  -=-) 


2Z 


Zx, 


and  —7—  u   (y  +log  -r-)  with  respect  to  1 
R     O    E       R 


Therefore,  we  have: 


-    4Z   •• 

yw  =  Q  +  £z—  C^  +  Cqx 
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(2.2.2.3.9) 


This  expression  can  also  be  obtained  by  direct  sub- 
stitution of  Y  from  (2.2.2.3.7)  into  (2.2.2.2.5)/  and  which 
is  what  we  will  do  for  yv  and  m.  since  they  can  be  obtained 
by  algebraic  substitution  or  integration  of  Y. 

By  integrating  (2.2.2.3.9)  with  respect  to  t  from 
0  to  t,  we  have: 


4Z2  • 
yw  =  Q  +  £7-  c1  +  Cqx 


(2.2.2.3.10) 


The  initial  condition  (yw)  _«  =  0  will  be  satisfied  if  we 

choose  C, (0)  =  C  (0)  =0. 
1       o 

From  the  equilibrium  equation  (2.2.2.2.2),  we  have: 


2Z  .  2Z2  ••   x2-u  2    1  -   x3-u 
^V  =  "  R"  [  IF"  Cl  -TT-SL.  +  3  Co  - 


x 


°-  ] 


(2.2.2.3.11) 


Integrating  with  respect  to  T  from  0  to  T ,  noticing 

that  u   is  a  function  of  T,  we  obtain: 
o 


2Z 
YV  =  -  !r 


2Z 


ic  x*  -i 

1     3  o     x 


2~  C,  X  +  ^C_X   -  - 


T  2Z2 


1  " 


($£—■   C,  +  %   C  u  )u  2dx 
R    1    3   o  o   o 


(2.2.2.3.12) 


As  before,  the  initial  condition:   x  =  0 ,  y v  =  0  will 
be  satisfied  if  we  choose  C-^O)  =  CQ(0)  =0. 
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From  the  equilibrium  equation  (2.1.2.1),  with  m   =  1 

we  obtain/  after  an  integration  from  u   to  x,  with  m  (u  )  =  1: 

o  o 

hxm.  =  hx  +  T  %r   C,  (x3  -  3u  2x  +  2u  3) 
<p         3  R    1         o        o 

+^C  (xh    -    4u  3x  +  3u  ")      (2.2.2.3.13) 
12   o        o       o 


3)  u,  _<  x  <_   u  :  regime  4-7 

Here  again,  the  equilibrium  equations  and  the  flow 
rules  are  exactly  the  same  as  those  corresponding  to  the  same 
interval,  first  stage  of  motion,  of  the  medium  pressure  case. 

Therefore  equations  (  2  .  2  .  2  .  2  .  37) -  (2 . 2 . 2 . 2 . 41)  are 
still  valid  in  this  case  and  we  have: 


A  +  —  B 
YV  =  2Z7R~  +  IT  X  (C  "  I  BX)      (2.2.2.2.37) 


yw  =  C  -  P-  Bx  (2.2.2.2.38) 

R 


;•     L    8Z3    "         4Z2    "     ,     2Z  2Z    "         8Z3    " 

A    +    R^D         R^-E    +    R-   "    P  1    R~  B    "    R?-D       2 

Xnc})  8Z3/R3  2Z/R  2  2Z/R  X 

+   i      Z     or    -    ^1  E)x3    +   i-  £    (£2l  5   -    12   ?.  B)     x* 
+    3      R    l3C         R2         }  12    R    ^R3      D         ^    R      ;     X 

(2.2.2.2.39) 
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4Z2 8Z3  •• 

E  -  Q    A  +-StD 


R~"  *   ■  "    "  "  R^  "      1  ,2    4Z2  «.   2 
XS  ~  ~4"Z7F       4.Z2/R2   X  +  2  l     R2~'   J  X 

+  1  (8  |ifi  -  6  §B)  x3 

(2.2.2.2.40) 

16^  +  8|^  -  pB  i|^-0        A  +  ffo 

hxm ,  = +  [  h  +  ]  x  -  x 


*        16Z7R"  4Z2/R2        8Z2/R2 


+  1  (c  -  4|i  g)  X3  +  1_  (8  |^  5  _  g  |  g)  x. 


(2.2.2.2.41) 


4)  u«  <  x  <  1:  regirae  5-7 

Again,  the  equilibrium  equations,  the  boundary  con- 
ditions (at  x  =  1)  and  the  flow  rules  are  exactly  the  same 
as  those  corresponding  to  the  same  interval,  first  stage  of 
motion,  of  the  medium  pressure  case. 

Therefore  equations  (2  .  2  .  2  .  2  .  42)- (2  .  2  .  2  .  2  .  46)  are 
applicable  here, 

5)  Boundary  Matching 

•   2Z  • 
There  are  13  unknowns :   u  ,  u,  ,  u„  ,  A,  =— -  B,  C,  C  , 

O    1    2      R  o 

jp-  C1,  ^r-  D,  R2   E,   Rlf   F,  G,  K. 

Noticing  that  the  conditions  of  continuity  of  m,  and  s 

have  been  used  in  the  determinations  of  the  constants  of 

integration  and  the  continuity  of  n,  is  not  in  question  at 

x  =  u  ,  we  have  the  following  conditions  to  determine  these 
o  J 

unknowns : 
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a)  Continuity   of   n.,    s,    m,    at   x   =    u,    and   x   =    u~  . 

•      •  • 

b)  Continuity  of  v,  w  and  w'  at  x  =  u,  and  x  =  u„. 

The  continuity  of  w1  is  required  since  at  x  =  u,  and 
x  =  u~ ,  | m  |  <  1  and  since  a  discontinuity  of  w'  is  possible 
only  when  |m,   =1. 

c)  Continuity  of  v  and  w  at  x  =  u  . 

2  o 

Here,  at  x  =  u  ,  m,  =  1  and  a  discontinuity  of  w'  is 
allowed;  thus  we  have  14  conditions  of  continuity:   6  at 
each  boundary  x  =  u,   and  x  =  u~  and  2  at  x  =  u  ,  resulting 
apparently  in  14  equations  for  13  unknowns,  and  the  problem 
seems  to  be  overspecif ied.   Fortunately,  the  conditions  of 
continuity  of  w  and  v  at  x  =  u   can  be  satisfied  by  one 
single  equation  and  we  have  therefore  13  equations  for  13 
unknowns . 

Solving  and  using  the  shallow  shell  approximation,  we 
obtain  the  following  results  (Appendix  A2) 


C  =  y^-  (2.2.2.3.14) 

o 


—  B  =  C  (2.2.2.3.15) 


K  =  -C  (2.2.2.3.16) 


CQ  =  -C  (2.2.2.3.17) 


4Z2 
BT~   "-I 


C,  =  C-Q  (2.2.2.3.18) 
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A   =    "C(l    +   |f-  u22) 


(2.2.2.3.19) 


C    = 


2(l-u    ) 2(l+2u    )Q-12h 
o  o 

(l-n  ) 3 (l+3u0) 


(2.2.2.3.20) 


C-2°+12h    -    2(C-Q)u    2+   i(2C-Q)"u    «-   Cu    *    = 
3  O  3  O  O 


[^-(Cu2  +  2Cu0u,Ju2    -    ^-u'    +   |§uj    +    (C-Q)  u2u,    -    |^u>n  ] 


R2     L2 


2    2/     1 


12    1 


o    1         3      o    1 


(2.2.2.3.21) 


8Z 


Dl    =    R3 


D-C 


2Z 


R2 


(Cu    2    +    2Cu2u2) 


2   /n2 


2ZVR 


(u2-u1) [2- (u1+u2) ] 


C-2Q+12h 


2(C-Q)u2    +   -|(2C-Q)u3    -    Cu' 
o         3  o  o 


(2.2.2.3.22) 


E,    = 


4Z 
R2 


2/n2 


-E-Q 


(2Z7R   )ul 


(u2-u,) [2- (u1+u2) ] 


[ 


C-2Q+12h 


-    2(C-Q)u: 


+   4(2C-Q)u3-Cu4]    -    |f-[(C-Q)u2    -    |cu3] 
3  o         o  R2  o         3o 


(2.2.2.3.23) 


16  Z^   +    8ZlD-_-- 


R' 


R3 


(Z2/R2)Ul2 


4ZVRZ  4Z2/R2  (u2"ul)  [2"U1+u2) 


C-2Q+12h 


-    2(C-Q)u2    +   |(2C-Q)u£-Cu*    ]    +   ^[ifc-Q)  u^-Cu^] 


(2.2.2.3.24) 
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G   -   h   -    i    r(C-6)     -    2cu    la' 3L I   C-2Q+12h 

G   -   h         2    LLC   Qj  3^u0-lu0    2  [2-tu   +u2)  3  3 


4  r^'A    'A\  .. 


2(C-Q)u^    +   ^C2C-Q)u3    -   Cu4] 
o        3  o  o 


(2.2.2.3.25) 


We   observe    that  when    u      =0,    expressions 

o 


(2 . 2 . 2 . 3 . 22) - (2  .  2  .  2  .  3  .  25)  will  reduce  to  expressions 
(2 . 2 . 2. 2 . 55) - (2  .  2  .  2  .  2 . 58)  of  the  medium  pressure  case 

The  equations  for  u   are: 
J  o 


(1-u   )2(l+u   )    =    12*1        (T    >    0) 
°  °  Q 


(2.2.2.3.26a) 


2 /,  .       s  12h 


(1-u    )2(l+u    )    =   — ±±~Tu         <T    =    °) 
o'  o  pQ-ps+6h 


(2.2.2.3.26b) 


We    can    also   solve    (2.2.2.3.26a)     for   u       [21]: 


u      =   \  -    4  cos     (^A  (2.2.2.3.27) 

O         3  3  3 


<j>   =    cos    *    j    ^5 1    |       (x    >    0)        (2.2.2.3.28a) 


4>   =    cos"1    {    77    81h   ^.,-1  \       (1    =    0) 
I    4(pQ-ps+6h)       J 


(2.2.2.3.28b) 
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Q  and  Q  have  been  defined  in  (2.2.2.2.35)  and 
(2.2.2.2.4  7)  respectively. 


With 


F(t)  = 


12hx 


and 


F(0) 


12h 


p  -p  +6h 
*o  *s 


and 


P(u  )  =  (1-u  ) 2 (1+u  ) 
o        o      o 


equations  (2 . 2 . 2 . 3 . 26a, b)  become 


P(u  )  =  F(x) 
o 


(2.2.2.3.29) 


and  the  variations  of  u   can  be  visualized  in  the  followinq 

o  ^ 


graphs . 


F(T) 


Inflexion 
point 


u 


t>  j 


Graphic  Determination  of  u  (t) 

o 


Fig.  15 
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At    t    =    x    ,    u      =    0 ,    with  t      determined  by: 
o         o  o  J 


F(t    )    =1  or 


P0(l-e~To)    -    p    T      -    6hi      =0  (2.2.2.3.30) 


U,    and   u?  are    to   be    determined    from:' 


3(2+u    )u*    -    5u3    -    u3 
o      1 

l2  3u. 


uo    =  — ° kz ~ ~  (2.2.2.3.31) 


1 


and 


6  (Cu22+2Cu2u2)  (u]L+u2)     -    4(3C-Q)  (u^+u-^+u2) 


+    5C(u1+u2) (u^+u|)    +    12 (C-Q)u2-8Cu3    =    0 


(2.2.2.3.32) 


We  can  see  from  (2.2.2.3.26b)  that  if  p  -p   =  6h, 

^o  ^s 

u  (t=0)  =  0  and  thus  find  by  another  way  the  upper  limit  of 
the  pressure  difference  p  -p   for  the  medium  pressure  case. 

At  t  =  0,  the  initial  value  u    of  u   is  given  by 

oo      o     3 

(2.2.2.3.27)  and  (2.2.2.3.28b).   It  is  worthy  to  note  that 
for  h  given,  u    depends  only  on  the  pressure  difference 

^o  ^s 

To  integrate  (2.2.2.3.31)  and  (2.2.2.3.32)  numerically, 
we  note  that  (2.2.2.3.31)  gives  u2  when  u,  and  u   are  known. 
Therefore,  it  would  be  convenient  if  we  can  solve 
(2.2.2.31)  and  (2.2.2.3.32)  for  u, .   To  do  it,  we 
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differentiate  (2.2.2.3.31)  and  using  u„u.  from  (2.2.2.3.32). 
After  some  algebraic  manipulations,  we  obtain: 


36hpo[l-(lJ-T)e  T]  (uJ-uJ)U]L 

ui  =  ■ U~ 


Q*  •  (1-u  )  (l+3u  )[uJ  +  3(2+u  )u^-10u:M 

o       o    o       o   1     1 


(1-u    )2(l  +  3u    )[u3  +  3(2  +  u    )u12-10u13]Q 
o  o     l    o  o      1  1 


-3[2(l-u    )2(l+2u   )Q-12h]u2u2 
o  o  12 


(u2+u, u„+u2) u 


2\„2 


2  /c.l  n,,     x^„2^  112         2         1 


+    2[(l-u    )M5  +  10u   +3u^)Q-36h] 


o  o        o  u.+u^ 


|[2(l-uo) 2(l+2uQ)Q-12h] (u2+u2)u12 


2,    2 

2[(l-uo)2(3+2uo+u^)6   "    12h(3-2uo)]    ^ 


(2.2.2.3.32a) 


Thus    u,    and   u?   will   be   computed   from    (2.2.2.3.31)    and 


(2.2.2.3.32a).      To   determine    the    initial   values    u,Q    and   u^ 


0 


of  u-,  and  u~  ,  we  use  the  same  argument  that  has  been  used  in 
the  medium  pressure  case  to  determine  the  initial  value  of 
g   of  g.   Then  we  find  that  u±Q    and  u2Q  are  to  be  computed 
from  the  following  equations : 
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"    3f2U-V>>     (1+2uoo>V12hKou20 

2  2 

+    2[(l-«oo)l5+10«oo+3u5o)Qo   -    36h]    \£u™      2°ui0 
"   ft2(l-uoo)2(l+2uoo)Qo-12h](u|0+u|0)uJ0 

2  2 

U   uin 
-  2[(l-u   )2(3+2u   +u2  )Q  -12h(3-2u   )  ]  °° , —  =0 
oo       oo   oo   o         oo   u,0+u?n 


and 


3(2.+u   )u2-5u3  -u3    i, 
r       oo   10    10   oo  ,  y2 

U20    L  3u  J 

^  JU10 


0  is  the  value  of  Q  at  t  =  0 ,  defined  in 
(2.2.2.2.35) . 

With  these  initial  values,  the  expression  for  u, 
will  have  the  form  0/0  at  t  =  0 .   Using  the  L'Hospital's 
rule,  to  find  the  true  limit  u,.  of  u,  at  t  =  0 ,  we  have 


found: 


.    =  Po  x  H(u00-U10-U20) 
Ul°    Qo   K(U00'U10'U20 


where  with  S10  =  u10+u2o  and  S20  =  U10  +  U20'  we  have 
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HCuoo'u10<u20>    "  (1+2uoo+3uoo    )S10S2QC6  +  5ulo    > 


2(5+13uoo+15u^o  +  3u^)  x  (S20+u10u20)u^0 


+    2(3+5u^o+7u^o-3u^)u|0    +    (1-u^)  .{u*0-u^) 
x    Kl+3uoo)  (^9u10u20  +  7u[0  +  |  ^-V(2  +  7uoo+3u^o)  <2u10+^)  J 


and 


33,, 2   * 


K(uoo'U10'U20)  =  «1+3uooM(1+3uoo)  [11U10U20  +  TuIou20 


+  10u30u20  +  f  uJQ  +  (2u^o+3u10u220-5u^)(l23u20  +  ^n±Q 

+  F  -J^")  ]  "  2(2  +  7u   +3u2  )  [4un3n  +  3u2  uon+2ulnu2 
6  u2  '  oo    oo      10    10  20    10  20 

u,A   2u3  +3u-. -u2  -5un3n 

+  (2  +  -M)    °°    10  20 iO]  +  4u2  (l+3u   )uin 

u20  3  °°      °°   10 


With  these  initial  values,  we  can  then  go  on  to 
integrate  numerically  the  system  of  equations  made  of 
(2.2.2.3.31)  and  (2.2.2.3.32a).   (Appendix  A4) 

6.  Final  Results 


With  these  unknowns  determined,  we  have  the  following 

results : 

a)  0  <  x  <  u  :  regime  E-H 
—   —  o     ^ 
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ne  =  n^  =  -1'      me  =  m<|)  =  L'       s  =  ° 

yv   =    0 
From    (2.2.2.3.4)  : 
Yw   =   Q 


b)    u      £  x  £  u, :    regime    E-7 


n<$>  =  ne  =  -1*      me  =  1 


From    (2.2.2.3.7)  : 


(1-UJM1+2U   +3ud)Q-12h 

U  O     O  /   2    2  \ 

XS  =  (x  -u^) 

2(l-u  )  3(l+3u  ) 

O  O 


2(l-u  ) 2(l+2u)Q-12h 

■ -° 2 (X3_U3) 

3(l-uo)  3(l+3uQ) 


(2.2.2.3.33) 


From  (2.2.2.3.13) 


(1-u  ) 2 (l+2u  +3u2)Q-12h 

hxm.  =  hx  +  - - - (x3-3u2x  +  2u3) 

*  6(l-uo)3(l+3uj  °      ° 

2 (1-u  ) 2 (l+2u  )Q-12h 

2 2 (xlt-4u3x  +  3u*) 

12 (1-u  )  3(l+3u  )         °      ° 

°  (2.2.2.3.34) 


From    (2.2.2.3.10) : 
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yw 


1-u 


(1-x) 


(2.2.2.3.35) 


From    (2.2.2.3.12) 


•         2Z      Q  2xl3uox2+Uo 

o  6x 


(2.2.2.3.36a) 


yV    = 


2Z    _Q_    (x-Uo)2(2x+Uo) 
R    1-u 


6x 


(2.2.2.3.36b) 


c)    u-,    £  x   <    u~ :      regime    4-7 


ne  =  _1/      me  =  1 


From    (2.2.2.2.39) 


xn 


<j>         R 


(3C-Q)u1u2         5011^2 


3(ux+u2) 


12 


2Cu  -3(C-Q) 

O 2 

3(uJL+u   )  uo 


•  •       •• 


„    2Cu   -3(C-Q) 

L  O  ? 

UnU„     -     X     +    —    r U     X 

12  R  3  o 


(3C"Q)(u^+u1u2  +  u|) 


•*       •• 


RL       3(u,+u2) 


2Cu   -3(C-Q) 
12(UI+U2}    +      3(u1+u2)         u0 


5C,       2   ,.,2 


X' 


1   z 


5      Z 


+    =-   =r     (3C~Q)XJ     -     f~-    -    CX 


3    R 


12    R 


(2.2.2.3.37a) 
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or: 


„  r    2Cu    -3(C-Q)       u    2 

&  /„    „     »/  v  o  o 


xn.    =      -   x   +   — (x-u,  )(u„-x) 


<t>  Rv      "1M"2   ";    {  3  U;L+u2 


_    3C-Q       (u1+u2)x-m1u2   +    5^;(x+u   )(x+      )     I 
Ul+U2  J 

(2.2.2.3.37b) 

or    finally: 


Z/R  (X-U     ) (U    -X) 

n+  =  -1  + £ 


(1-u    )  *(l+3u    ) 
o  o 


(1-u    )2(3+2u   +u2)Q-12(3-2u    )h 

O  O         O  O  2 

u 

O 


3 (u1+u2) 


(1-u    )  2  (5+10u   +3u2)Q-36h 

O  O  O  t  ,  \       ,  i 

[  (u1+u2)x+u1u2J 


3  (u,+u2) 


+~    [2 (1-u    )2(l+2u    )Q-12h] (x+u, ) (x+u0) 
12  o  o  1  2 


(2.2.2.3.38) 

xs,    hxm,    and  yw   remain   the   same    as    for   u^    <    x    <    u, 
'  <j>  o  —       —     1 

From    (2.2.2.2.3  7): 


▼*  -  I  A-  <-*2+2x-up 


(2.2.2.3.39) 
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d)    u-    <_  x    <_   1:      regime    5-7 


n4   =    -1'         m0    =    1 


From    (2. 2. 2. 2. 44) : 


;    ,    2Z     U~    3         3C-Q    2         1"  2Cuq-3  (C-Q) 

nQ    =    -1    +   —     ^3-Cx3    -   -^x2    -   -  g u2 


(2.2.2.3.40a) 


and 


n9    "    -1   +    (1-u    ?»(l?3u    )     {5[2(l-uo)>(l+2uo)5-12h]x' 

o  o       K 


-   i[l-u    )2(5+10u   +3u2)Q-36h]x2 
2  o  o        o 


+   |[  (l-u  )2  (3+2u    +u2)Q-12  (3-2u    )h]u2 
b  o  o      o  o  o 


(2.2.2.3.40b) 


xs,  nxmA  anc^  Yw  remain  unchanged. 


From  (2.2.2.2.42) : 


yv  =  —■  jS^-  x(l-x)  (2.2.2.3.41) 


o 


u   is  given  by  (2.2.2.3.27)  and  (2 . 2 . 2 . 3 . 28a, b) 
o 


u,  and  u~  are  solutions  of  (2.2.2.3.31)  and 


(2.2.2.3.32a) 
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It  has  been  verified  that  the  solutions  obtained 
satisfy  the  conditions  of  continuity  at  x  =  u  ,  x  =  u,  , 
x  =  u„  and  the  boundary  conditions.   At  x  =  u  ,  the  slope 
yw1  is  discontinuous  and  thus  the  curve  x  =  u   is  a  hinge 
circle.   It  can  be  .verified  that  across  the  hinge  circle, 
the  component  k   of  the  strain  rate  vector  is  positive, 
and  therefore  satisfying  the  normality  requirement,  since 
at  x  =  u  ,  m ,  =  1 . 

o     <j> 

It  has  been  also  verified  that  the  solutions  obtained 
satisfy  the  equations  of  equilibrium  (2 . 1 . 2 . 1) - (2 . 1 . 2 . 3) 
within  the  limit  of  the  shallow  shell  approximations. 

At  t  =  t   determined  by  (2.2.2.3.30),  u   =  0  and  the 
o  J  o 

first  stage  ends. 

B.  Second  Stage  of  Motion:   x   <  t  <  x, 
2 o  —   —  1 

At  x  =  x  ,  u   =0  and  the  shell  yields  under  3  regimes 
o   o  2  3 

as  in  the  case  of  medium  pressure. 

When  u   =  0,  then  from  (2.2.2.3.21),  we  have: 
C  =  2(Q-6h)  =  2(p-ps)  +  0(— -) 

which  is  the  same  as  (2.2.2.48)  of  the  medium  pressure  case. 
Since  in  both  medium  and  medium  high  pressure  cases,  the 
knowledge  of  C  will  determine  other  unknowns  involving 
stresses  and  acceleration,  then  these  unknowns  will  have  the 
same  expressions  and  so  are  the  stresses  and  accelerations. 
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To  obtain  the  velocity,  we  have  to  integrate  the 

accelerations  from  t   to  t .   For  0  <  x  <  u,  ,  the  accelera- 

o  —   —  1' 

tion  yw   comes  from  equation  (2.2.2.2.5),  which  is: 

Y*        4Z    (xs)  '  ,     e. 

YW=__+p___=  — _ —  +  p  -  ps  +  6h 

With  s  from  (2.2.2.2.61),  we  have: 


yw  =  2 (p-p  ) (1-x) 


Integrating  from  t   to  t ,  we  have 


Yw(t)-yw(t  )  =  2[p  (e~  °-e~  )  -  p. (t-t  ) ] (1-x) 


where  yw(i  )  is  the  velocity  at  t  =  t  .   From  the  con- 
1    o  o 

tinuity  of  yw  with  respect  to  t,  we  have: 

Yw(tq)  =  yw(t~) 


and  from  ( 2 . 2 . 2 . 3 . 35) , we  have,  with  u  (x  )  =  0 

o   o 

Yw(x^)  =  Q(xQ) (1-x) 


and  from  the  definition  of  Q  in  (2.2.2.2.47): 


Yw(x~)  =  [pQ(l-e"To)  -  psxo  +  6hxQ] (1-x) 


Thus,  we  have: 


Yw(x)  =  Lpo(l-e""To)  -  psxQ  +  6hTQ]  (1-x) 


+  2[po(e~T°-e~T)  -  ps(x-TQ)]  (1-x) 
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From  equation  (2.2.2.3.30),  defining  t  ,  we  have: 


o 


6hi   =  d  (l-e~To)  -  p  t 
o   - o  ^s  o 


and  thus: 

yw  =  2  [p  (l-e~T)  -  p  x]  (1-x) 

which  is  the  same  as  in  the  medium  pressure  case. 

From  the  linearity  of  yw   and  from  the  continuity  of 
yw  and  yw'  at  x  =  u,  and  x  =  u„,  we  obtain  the  same  expres- 
sion for  the  whole  shell  as  in  the. medium  pressure  case. 

For  the  meridional  velocity,  we  observe  from 
(2.2.2.3.14)  that  at  x  ,  with  u   =0,  we  have: 


C(T0)  =  Q(T  ) 


and  from  a  result  just  obtained  above, 


C(x5)  =  Q(to)  =  2[po(l-e-T0)  -  psxo] 


From: 


C  =  2 (p-p  )    for  t  >  t  ,  we  have 
r  rs        —  o 


C(t)  -  C(t  )  =  2[po(e"To-e"T)  -  Ps(t-tq)] 


It  can  be  seen  that  the  condition  of  continuity  of  the 
velocities  with  respect  to  x  is  reduced  to  that  of  C.   Thus 
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C  (t  )  =  C(x  )  and  we  have: 


C(t)  =  2[po(l-e"T0)  -  psTQ  +  po(e"T0-e"T)  -  Ps(t-t  )] 


C(t)  =  2[po(l-e"T)  -  psi] 


which  is  the  same  as  (2.2.2.2.49)  of  the  medium  pressure 
case. 

Since  all  the  unknowns  involving  in  the  different  ex- 
pressions  of  yv  are  all  expressible  in  terms  of  C  and  Q, 
the  former  has  been  found  to  be  the  same  and  the  latter 
remains  unchanged  from  its  initial  definition  in  (2.2.2.2.47) 
we  can  conclude  that  the  meridional  velocities  for  different 
intervals  (0,u,),  (u2,u~),  (u„,l)  have  the  same  expressions 
as  those  corresponding  to  the  medium  pressure  case.   Thus 
(2. 2 . 2 . 2 . 61) -  (2 . 2 . 2. 2 . 68)  are  applicable  here. 

We  observe  also  that  all  the  stress  expressions  in 
this  second  stage  can  be  obtained  from  the  corresponding 
ones  in  the  first  stage  by  letting  u   =  0.   Thus  the  stresses 
and  accelerations  are  continuous  with  respect  to  t  as  ex- 
pected since  the  applied  load  is  continuous. 

u,  and  u_  are  to  be  determined  from  (2.2.2.2.59)  and 
(2.2.2.2.60)  with  the  values  of  u,  ,u~  at  x  =  x   as  initial 


1'  2         o 


conditions.   Since  at  x  =  x  , 


12  8 


C(T  )  =  Q(Tp) 


we  have,  from  (2.2.2.2.59),  at  x  =  x 

o 


2  -  •)„       5  „2 


U2  =  2U1  "  3  Ul 


which  is  the  same  as  (2.2.2.3.31)  with  u   =  0 ,  at  t  =  x 

Also  (2.2.2.3.32)  is  reduced  to  (2.2.2.2.60)  when  we 

make  u   =  0.   Thus  u, ,u~  are  also  continuous  at  x  =  x  . 
o  1   2  o 

At  x  =  x,  determined  by  (2.2.2.2.79),  we  have  u,  =  u  =0, 

and  the  second  stage  ends. 


C.  Third  Stage  of  Motion. 

After  x  =  x, ,  the  whole  shell  collapses  in  one 
regime  5-7  as  in  the  low  pressure  case.   The  solution  is 
then  the  same  as  the  second  stage  of  motion  of  the  medium 
pressure  case. 

Thus,  n.  =  -1,  mQ  =  1,  and  (2 . 2 . 2 . 1 . 9) -  (2 . 2. 2 . 1 . 13)  are 
still  valid. 

D.  Admissibility  of,  the  Solution 

1.  Kinematic  Admissibility. 
a)  0  <_   x  <  xQ 

i)  0  <  x  <  u  :  regime  E-H 
—   —  o 

For  kinematic  admissibility  in  the  interval, 
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we  must  have: 


k0  i  °<    k<J>  >  0,    e§  <  0,    e^  <  0 
With  yw  from  (2.2.2.3.4)  and  yv  =    0,  we  have: 

From  (2.1.1.1):  yeQ    =  -  —  Q;  since  Q  is  positive  for 
0  _<  t  <_  xf/  we  have  efi  <  0. 


From  (2.1.1.3),  similarly,  we  have: 


ye^  =  Y(v'-y"w)  =  -  ^  Q  <  0 


From  (2.1.1.2),  we  have: 


•        • 


^  =  -*-p-=° 


Similarly,  from  (2.1.1.4): 

kA  =  -h(w*+y"v) '  =  0 

ii)  u   <  x  <  u,  :  regime  E-7 
o  —   —   1     3 

For  kinematic  admissibility  in  this  interval,  we 


must   have 


ee  1  °'       e<j>  i  °      kei° 


Using  (2. 1. 1. 1) - (2. 1. 1. 4)  again,  and  with  yv  an^  Yw 
from  (2.2.2.3.36a)  and  (2.2.2.3.35)  respectively,  we  have: 

*V -  ¥  ife- is*  *  te' -  3<2+V*2  +  uo  ' 

o 

(u  1  x  <_  u1) 
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To  have  yefi  <_  0 ,  we  must  have: 

P(x)  =  8x3-3(2+u  )x2+u3     <  0     (u   <  x  <  u.) 

o     o    —        o  —   —   1 

(2.2.2.3.42) 

It  can  be  shown  that  to  have  P(x)  negative  in  the 
interval  (u  /U,),  it  is  necessary  and  sufficient  to  have 
either  P (u  )  or  P(u1)  negative,  depending  on  the  case. 

From  (2.2.2.3.42).  we  have:   P (u  )  =  -6u2 (1-u  )  which 

o       o    o 

is  negative  since  0  <  u   <  1.  and 

P(u,)  =  8u3-3(2+u  )u2+u3 
1       1      o   1   o 

Using  the  definitionof  u~  in  (2.2.2.3.31),  and  after 
some  transformations,  we  have: 


P(u1)  =  -3u1(u2-u2) 

which  is  negative  since  0  <_   u,  _<  u„. 
Therefore  yeQ  is  negative. 
For  y^a/  we  have,  from  (2.2.2.3.35)  and  (2.2.2.3.36a): 

y4   =  2Z   6     1   [i0x3-3(2+u)x2-u3] 
T  d>    R  1-u   6xT  o     o 

T         o 

To  have  ve,  <  0,  we  must  have: 
(j)  - 

Q(x)  =  10x3-3  (2+uQ)x2-u^     <_   0     (uQ  <_   x  <  \i±) 

(2.2.2.3.43) 
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As  before,  it  can  be  shown  that  for  Q(x)  to  be 

negative  in  the  interval  (u  ,u, ) ,  it  is  necessary  and 

sufficient  to  have  either  Q (u  )  or  Q(u,)  negative,  depending 
on  the  case. 

From  (2.2.2.3.43),  we  have: 


Q(u  )  =  -6u2 (1-u  )  <  0 
o       o    o  — 


and 


Q(u,)  =  10u3-3(2+u  )u2-u3 
1       1      o  1  o 


It  has  been  found  numerically  that  Q(u,)  is  negative. 

Therefore  ye,    is  negative.   (Appendix  A4) 

•  •       • 

For  kfi,  we  have,  from  (2.1.1.2)  and  with  yw  and  yv 

from  (2.2.2.3.35)  and  (2.2.2.3.36a)  and  using  the  shallow 

shell  approximation: 


•h6  • 

ykA  -  -  ~ —  >  0  since  Q  >  0  and  u   <  1 
'  6    x  1-u  o 


With  ykft  >  0,  yefi  <  0,  ye,  <  0,  the  solution  is  kine- 

matically  admissible  in  the  interval  (u  ,u,). 
■*  o   1 


iii)  u,  <_   x  _<  u~:   regime  4-7 

For  kinematic  admissibility  in  this  interval,  we 
must  have  efl  <_  0  and  kfi  ^_  0. 
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As  before,  with  the  shallow  shell  approximation, 
we  have,  from  (2.2.2.3.35)  and  (2.2.2.3.39): 

;     h   Q  .  .  ,  .      ... 

YkQ  ~  77   i — rr-        which  is  positive   and 
o    X  l— u 
o 

2    2 

2   Q    U2  X   .  .  .   . 
yeft  =  -  —  x which  is  negative 

U        K  1  — U     X 

o 


since  u,  <_  x    u? 


iv)  u2  <_   x  <_  1:  regime  5-7: 

For  kinematic  admissibility  we  must  have: 


ke  -  °'   ed>  i  ° 


With  the  shallow  shell  approximation,  we  have: 


0    x  1-u 
o 


which  has  been  seen  to  be  positive. 


For  e,,  we  have,  from  (2.2.2.3.35)  and  (2.2.2.3.41) 


ye.  =  - 


2Z   Q 


<j)      R  1-u 


x 


which  is  negative.   Thus  for  0  <_  t  <_  x  /  except  for  con- 
dition Q(u.,)  <_  0,  we  have  been  able  to  verify  directly 
that  the  solution  is  kinematically  admissible. 
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b)   T    <_  T  _<  T, 


For  this  second  stage  of  motion,  it  has  been  found 
from  pages  81-84   that  the  solution  is  kinematically  admis' 
sible  if  condition  (2.2.2.2.89)  is  satisfied.   This  has 
been  verified  numerically  and  found  that  the  solution  is 
kinematically  admissible.    (Appendix  A4) 


c)  t,  <_  t  <_  Xf 

For  this  third  stage  of  motion,  the  solution  has  been 
found  to  be  kinematically  admissible  for  0  <_  x  <_  xf  where 
xf  is  determined  by  (2.2.2.1.14)  and  which  is  the  instant 
where  the  motion  ceases. 

The  relative  position  of  x  ,  x,  #  Tr  can  be  seen  in 

^  o    1    f 

the  following  graph: 


(p  +6h) x 
X£s 


(ps+1.2h)T 


P  t 
^s 


tan   (p  +6h) 
^s 


tan   (p  +1.2h) 

i9 


Relative  Positions  of  x  ,  t-^i  xf 


w-   x 


Fig.  16 
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2.  Static  Admissibility 
a)  0  <_   t  <_  tq 

The  conditions  for  admissibility  are  0  <  m.<  1. 

-  4>  - 

For  0  <_  x  <_  u  ,  m,  =  1  and  is  admissible. 

For  uQ  <_  x  <_  1,  we  have  from  (2.2.2.3.13), 

(x-u  ) 2 (  ) 

%  =  X  "   12hx   {cx2+2[Q-(l-uQ)C]x  +  [4Q-(4-3uo)C]uo| 

(2.2.2.3.44) 

In  this  form,  we  find: 

m ,  (u  )  =  1 

<p      o 

m! (u  )  =  0  and  m" (u  )  f    0 
<p  o  <p      o 

Thus  m,  has  an  extremum  at  x  =  u  .   To  be  admissible,  it  is 
<j>  o 

necessary  that  this  extremum  be  a  maximum  or  m" (u  )  <  0. 
From  the  expression  of  m, ,  we  have: 

m"(u  )  =  i[(l-u  )C-Q]         (2.2.2.3.45) 

§      o  h   ..   o 

•  • 

From  the  expression  of  C  in  (2.2.2.3.20)  we  have: 

m;(uo>  ■  d-u0)"i+3u0)6  (qt-6) 

With  the  expressions  of  Q  from  (2.2.2.2.3  5)  and  of  Q 
from  (2.2.2.2.47),  we  have: 
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Qt-Q  =  p0[Te"T-(l-e~T)] 

Let  us  consider  the  function  in  the  square  brackets: 
f(x)  =  ie"T- (l-e~T) .   We  have  df/di  =  -xe"1.   Thus  df/di 
is  negative  for  t  >0  and  f (t)  is  monotonically  decreasing 
for  t  >0.   Since  we  have  f(0)  =  0,  we  conclude  that  f (x)  is 
negative  for  t  >  0.   Therefore  Qt-Q  is  negative  for  t>  0  and 
mV(uo)  =  12/[(1-uq)  2  (1+3uq)Q]  x  (Qt-Q)  is  negative  as  re- 
quired, and  m , (u  )  =  1  is  a  maximum. 
^  9   o 

For  m,  to  be  admissible,  we  must  also  have:   0  <  m,  <  1 
<P  —  <P  - 

for  u   <  x  <  1.   From  the  expression  of  m,  in  (2.2.2.3.44), 
o  —   —  <p 

we  have : 


x-u. 


•  • 


m»  =  _  2  -o  ^3Cx3+[3Cu  -4 (C-Q) ]  (x2+u  x+u2) 
*      12hx2^  °  °    ° 


(2.2.2.3.46) 


We  can  write  m!  in  the  form: 


mi  =  "  T2HxT  {  C(x-uo)(3x2+2uox+u2) 


+  4[Q-(l-uo)C] (x2+uqx+u2)  V 

Let  us  consider  the  expression  inside  the  curly 

brackets.   In  the  second  term,  we  will  find  [Q-(l-u  )C] 

positive  if  we  compare  it  with  (2.2.2.3.45)  and  note  that 

we  have  found  m" (u  )  <  0,  and  the  second  factor  x2+u  x+u2 

cp   o  o    o 

is  positive. 
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In  the  first  term,  the  factors  involving  x  are 

positive  for  x  >  u   and  the  coefficient  C  has  been  found 
r  —  o 

numerically  to  be  positive,  except  for  a  few  values  of  t 
closed  to  t   for  which  u   -  0  and  for  a  peak  pressure  close 

O  O  sr  tr 

to  the  limit  value  p    determined  by 

PoL  "  (Ps-12h)eTf 

•  • 

But  these  few  negative  values  of  C  are  also  close  to 
zero  so  that  the  expression  inside  the  curly  brackets  is 
always  positive.   (Appendix  A4) 

Therefore  m!  is  negative  for  0  <  x  <  x   and  u   <  x  <  1 
cp       3  —    —   o       o  —    — 

and  m,  decreases  monotonically  from  1  to  0  as  x  varies  from 
<p 

u   to  1.   Thus  m,  is  admissible. 
o  cp 


ii}  ncp 

The  conditions  for  admissibility  are  -1    n,  <_  0 

For  0  <_  x  <_  u,  ,  and  u~  <_   x  _<  1,  we  have  n  ,  =  -1 


For  U-,  <_  x  _<  Up,  we  have  from  (2.2.2.3.37b): 

(x-u1 ) (u~-x) 

n,  =  -1  +  -  ~ P(x)       with: 

<p         R       x 


P(x)  =  |2  ^x2  +  [I2  S(ui+U2)  "  ^3^^x 


u  u  u 

r5  -,   ,   x    3C-Q-,  12     r^,,   /'A   'A\  i   o 
+  [^(u^u^  -  -T_]_-+  [3Cuo-(C-Q)]~_— 
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and  the  necessary  condition  is  that  P (x)  be  positive 
for  u,  £  x  <_   u~. 

As  in  the  case  of  medium  pressure,  we  have  found 
numerically  that  u,  and  u?  are  both  on  the  same  side  of  the 
midpoint  S/2  where  S  is  the  sum  of  the  root  of  the  equation 

P(x)  =  0 


and  that  0  <  P(u1)  <  P(u2) 


P(x) 


P(x) 


P(x) 


Fig.  13  a,b,c  repeated 
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The  maximum  value  of  P(u2)  is  about  6h.   An  analysis 
analogous  to  page  95   allows  us  to  write 


(n.)     <  -1  +  |[P(x)]     <  -1  +  6h| 
<J)  max  —       R       max  —         R 


From  this,  we  can  see  that  n,  is  always  negative,  and 


therefore  n,  is  admissible. 
4> 


iii)  nQ 


The  conditions  for  admissibility  are:  -1  <_  nfl  <_  0 

For  0  <_  x  <_  u2,  nfi  =  -1  and  is  admissible. 
For  u2  <_   x  <_   1,  we  have  from  (2.2.2.3.40a): 

2  Z 
nfi  =  -1  +  —  R(x) ,   •   with 


R(x)  ,^X3  .30=0^  +  lt(c_Q)  .  |cuo]u^ 


It  has  been  found  that  R(x)  is  always  positive  for 

u2  <_  x  _<  1  and  its  maximum  value  is  about  6h  so  that  we 
have: 

-1  <  n,  <  0  for  u2  <_   x  <    1 

and  therefore  nQ  is  admissible.  (Appendix  A4) 


b)   T    <  T  <  T, 
O  —    —   1 

The  conditions  for  admissibility  are:  -1  <  n   <  0. 

—     <p   — 

The  discussion  is  the  same  as  in  the  case  of  medium 
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pressure  and  the  numerical  results  obtained  are  the  same, 

* 

as  far  as  the  signs  are  concerned,  that  is,  (DDl)  =  u,-S/2 

and  (DD2)  =  u„-S/2  have  the  same  signs,  0  <  P(u,)  <  P (u  ) , 

and  the  maximum  value  of  P(u?)  is  of  the  order  of  lOh 
so  that    (Appendix  A4) : 

5  Z  r(x"ul}  (u2"x) 


max 


(n,)     <  -1  +  4  §  [ ± - ]     x  [P(x)] 

9  max  —       6  R        x        max    L  v 


which  is 

(n  )   <  -1  +  25  |  h 

9m  ax—       3   R 


Since  h  is  of  the  order  of  a  few  per  cent  and  Z/R  is 

smaller  than  1,  we  see  that  (n.)     is  still  negative  and 

9  max  J 

the  solution  is  admissible. 


ii)  m 

9 

The  conditions  for  admissibility  are:  0  <  m.  <  1. 

-   9  - 

It  has  been  found  that  rn   is  admissible  (pages  51 

9 


and  52)  if 


p-p   <_  6h    (AMI)       and 
12h  +  p-p   >  0     (AM2) 


Since  p  =  p  e   decreases  monotonically ,  condition 
(AMI)  is  satisfied  for  t  >  x   if  it  is  at  x  =  x  . 


Thus,  we  must  have: 


p  e   o  -  p   <  6h 
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(p  +6h)x 


Graphic  Determination  of  t 
Fig.  17 


where  x   is  the  root  of  equation  (2.2.2.3.30). 


_  -r 

As  before,  we  note  that  the  function  p  (1-e   )  is 

—  T 

continuous  whose  derivative  is  p  e   .  From  the  theorem  of 

^o 

the  mean,  we  have  a  value  t   of  t  in  the  interval  (0,x  ) 
'  m  o 

such  that: 


p  (l_e"To) 

=  p  e  m     , 

t        ro         ' 


0  <  T    <  T 

m    o 


From  (2.2.2.3.30),  we  have: 


Po(l-e~To)  =  (ps+6h)TQ 
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Therefore: 


poe~Tm  =  (Ps+6h) 

—  i 

Since  x   <  t   and  p  e    decreases  monotonically .  we 
m    o      o  2 


have: 

p  e   o  <  p   +  6n     or: 
o       rs 

—  i 
p  e   o-p   <  6h 
^o     ^s 

and  (AMI)  is  satisfied. 

For  condition  (AM2) ,  again  since  p  decreases . monotoni- 
cally, we  see  that  it  is  satisfied- for  t   <  i  <  t,  if  it  is 
2  of 

at  xf.   Or: 


(AM2)  =    12h  +  p  e~Tf-p   >_  0 

where  xf  is  the  instant  when  the  motion  ceases  and  is 
determined  by  (2.2.2.1.14). 

A  numerical  approach  combining  equation  (2.2.2.1.14) 
with  equation 

12h  +  d  e~Tf-p   =  0 
*  o     *s 

will  allow  us  to  find  Tf  and  the  upper  limit  pQL  of  pQ  for 
which  (AM2)  =  0.  The  value  of  p  depends  on  the  depth  of 
the  shell.   (Graph  G.9) 
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iii)  ne 

From  the  study  in  the  medium  pressure  case  in 

pages  96-97   we  can  conclude  that  n   is  admissible  if  con- 

o 

dition  (AD2)  in  (2.2.2.2.95)  is  satisfied.   This  has  been 
done  numerically  and  n„  has  been  found  to  be  admissible. 

e 

C)   T,   <  T  <  Tf 

For  this  stage  of  motion,  we  have  n,  =  -1.  m0  =  1 

<p  0 

and  we  have  to  examine  m,  and  nA. 

<p       0 

From  a  result  in  page  101  we  have: 

p  e~Tl  -  p   <  1.2h 
^o       ^s 

so  that  nQ  =  -1  has  a  minimum  at  x  =  0.   The  other  condi- 
tions  remain  the  same,  and  we  can  conclude  that  the  solution 
is  admissible  in  this  stage  of  motion  if  condition  (AM 2)  is 
satisfied. 

3.  Conclusion 

The  solution  has  been  found  to  be  kinematically  and 
statically  admissible  and  is  therefore  an  exact  solution 
according  to  the  yield  surface  which  has  been  selected. 

E.  Final  Displacement 

1.  Normal  Displacement 

a)  u    <  x  <  1.  where  u    is  the  value  of  u 
oo  —   —   '        oo  o 
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at  t  =  0 ,  we  have : 


i 
r  o 


yw. 


ywdi  + 


YwdT 


From  (2.2.2.3.35)  and  (2.2.2.2.63),  we  have: 


ywf  =  (1-x) 


'  °    6 


_  j 


l-u 


dx  +  2(p  -p  )t^  -  2  (p  -p  -6h)i 


"  Ps(Tf-To} 


(2.2.2.3.47a) 


b)  0  <  x  <  u 


oo 


If  t    is  the  value  of  t  for  which' u  (t   )  =  x, 
ox  o   ox      ' 


then  we  have : 


T 

r  ox 


YW.  = 


Ywdi  + 


Ywdi  + 


Ywdi 


ox  0 

From  the  expressions  of  Yw  in  (2.2.2.3.4), 
(2.2.2.3.35)  and  (2.2.2.2.63),  we  have: 


Y  w-  = 


ox 


Qdx  +  (1-x) 


T 

r  o 


_  J 


■— —  di  +  2 (p  -p  ) x^ 
l-u         ^o  ^s   f 


ox 


2   ^2 


-2(po-ps-6h)T0  -  PS(T^-T^) 


(2.2.2.3.47b) 


144 


2 .  Tangential  Component 

Let  u1Q  =  ux(0),  u2Q  =  u2(0)  and  tqx,  t±x   and  t2; 
determined  by: 


uo(Tox)  =  x 

U2(T2x)   =  X 


If  all  these  quantities  exist  for  a  point  x,  we  will 

have :  t    <  T ,   <  t  «  .  ' 
ox     lx     2x 


a>  u20  -  X  -  1 


Then,  none  of  the  quantities  t     t,    t~   exists.   We 

^  ox,   lx,   2x 


have: 


r  o        f  f 


YVf  = 


yvdx  + 


yvdi 


From  (2.2.2.3.41)  and  (2.2.2.2.64),  we  have 


YVf  -  — x(l-x) 


■— — dx  +  (p  -p  )  t c 
1-u       ro  ^s   f 


1    , 

o  ^  s     o    2^s   f   o 


-  (p  -P  -6h)T   -  4po^j-o 


(2.2.2.3.48a) 


b)  u1Q  <  x  <  u2Q 


i)  If  x  is  such  that  t~   <  t  ,  then  we  have 

4-  J\,  \J 
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f  2x        f  o 
yvf  =      yvdx  +      yvdx  + 

o  x0 

2x 


fTf 


yvdx 


From  (2.2.2.3.39),  (2.2.2.3.41)  and  (2.2.2.2.68),  we 


have : 


r  r  2x 


YVf  =  R 


I^r-(-u2  +  2x-x2)dx  + 


2Q 


1-u 


-x  (1-x)  dx 


2x 


+  ^x(l-x)   [(P0"Ps)Tf-   (po-ps-6h)T0  -  ips(T|-T^)] 


(2.2.2.3.48b) 


ii)  If  x  is  such  that  x   <  x„  ,  we  have: 

o     2x' 


i 
(    o 


Yvf  = 


yvdx  + 


2x 


,Tf 


yvdx  + 


yvdx 


2x 


From  (2.2.2.3.39),  (2.2.2.2.66)  and  (2.2.2.2.68),  we 


have 


YV.  =  s- 


Z 

R 


^ — (-u*+2x-x2)  dx 
1-u     2 


+  n 

•       R 


ox 


-T 


[p  (1-e  l)-p  x]  (-u2  +  2x-x2)dx 


4-  i^x(l-x)  [(P0-Ps)if  +  P0t2x  -  P0d-e"T2x) 


-  (l/2)ps(Tf-T2x)l 


(2.2.2.3.48c) 
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c)  Conclusion 

From  these  examples,  we  can  see  that  for  other  values 
of  x  such  that  x  _<  u,Q,  the  cases  to  be  studied  become 
numerous  with  the  coming  of  the  value  of  t,  into  the 
problem.   This  lengthy  analysis  will  be  tedious,  without 
much  interest,  since  in  all  these  cases,  a  numerical 
approach  has  to  be  used  to  compute  the  actual  values. 
Moreover,  the  tangential  displacement  is  of  the  order 
0(Z/R)  compared  to  the  normal  displacement. 

The  most  important  displacement  is  that  of  the  apex 
of  the  shell,  which  has  been  determined  in  the  following 
part  and  has  been  carried  out  numerically. 

F.  Maximum  Central  Deflection  and  Total  Energy  Absorbed. 
1.  Maximum  Central  Deflection 

The  maximum  central  deflection  yw0  i-s  given  by: 


T 


( 


Y  W 
O 


f 


yw  di 
1  o 


From  (2.2.2.3.4)  for  0  <_  t  <_  xQ  and,  from  the  expres- 


;ion  of  yw  for  t  <  t  <  Tr,  we  have: 

o  —   —   £ 


-T 


vw  =  p  (1-e  ■  )  -  p  t  +  6hx       (0    t    t  ) 
1  o     o  s  —   —  o 


and,  from  page  126: 
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Y^o  =  2tPo(1"e""T)"PsT] 


(Tq  <     T  <  Tf) 


With  these  results,  we  have: 


T 


YWQ  = 


,Tf 


w  di  + 
o 


yw  di 
1  o 


yv7  =  2  [(p  -p  )  t  - 

O  OS    t 


~p  t|]  +  (p  +6h)  (1+i-T  )t   -  p  t 
2rs  f     rs        2  o   o    ^o  o 


(2.2.2.3.49) 

This  result  can  also  be  obtained  from  (2.2.2.3.46b) 

with  x  =  0  and  t    =  t  . 

ox    o 


2.  Total  Energy  Absorbed 


From  a  result  page  58,  we  have 


E  ,   =  2ttR2N 
abs        o 


v1 


pwxdx  di 


o   o 


E  .   =  2ttR2N 
abs        o 


x   1 

■  o 


pwxdxdi  + 


Tf  l 


pwxdxdi 


o   o 


For  0  <  t  <  t  /  we  have,  from  (2.2.2.3.4) 


w=Q      (0<x<u) 

—   —  o 


and  from  (2.2.2.3.35) 


YW  =  Tf~  (1-x) 
o 


(u   <_  x  <_    1) 
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For  tq  <_   t  <    if ,  we  have  from  (2.2.2.2.63): 

yw  =  2[po(l-e^T)  -  psi]  (1-x)    (0  <  x  <  1) 
With  these  results,  we  have: 


E     =  2ttR2N 
abs        o 


u 

r  o 


+ 


f  r1 


pwxdx  + 


pwxdxdi 


pwxdx  ]  di 


J  u 


T     0 
0 


which  gives,  after  integration  with  respect  to  the  space 
variable: 


2ttR2N 


f    °    P 


'abs 


3y 


-f-    [pn(e    T-e    2T)-(p   -6h)xe    T](l+u   +u2)dx 


+ 


po  [po(e  T  "  e~2T)  "  psTe~T]  dT 


Since  u   cannot  be  expressed  explicitly  in  terms 
of  "u  ,    the  first  integral  has  to  be  evaluated  numerically. 
The  second  integral  can  be   performed  ,  and  we  obtain: 


2^R2N 


E 


abs     3y 


o  p 


r  CpQ(e  "e   > 


-    (p  -6h)ie~T] (1+u  +u2)dx  +  \   p2  [(l-e~Tf)2 


s 


o  o 


2  ^o 


-  (l-e~T°)2]  -  psPQ  [(l+To)e"T°-(l+Tf)e"Tf]  J 


(2.2.2.3. 50) 
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Yield  Regimes 
at  t  =  0 
(a) 


Variations  of 
u.  and  u2  with  t 

(b) 


Stress 
Distribution 
for  0  <_  i  <_  x 

(c) 


Velocity 

Distribution 

for  0  ^  T  <  T. 

(d) 


Relative 
Positions 
of  T.  and  t 

(e) 


*>  x 


e»»  x 


Medium  Pressure  -  Shallow  Shell  -  Two-Moment  Limited  Interaction  Yield 

Surface 


Fig.  18 
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Yield  Regimes 
at  t  =  0 
(a) 


Variations  of 

u  f  u, ,  u0  with  t 
o    i    l 

(b) 


Stress 
Distribution 
for  0  <  t  <_  t 

(c) 


Velocity 

Distribution 

for  0  <  t  <  t 
—   —  o 

(d) 


Relative 
Positions 

Of  TQ,  TV     Tf 

(e) 


■6*-  X 


t>-  X 


e-  x 


Medium  High  Pressure 
Shallow  Shell  -  Two-Moment  Limited  Interaction  Yield  Surface 

Fig.  19 
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2 . 3  Dynamic  Plastic  Response  of  Simply  Supported  Shallow 
Spherical  Shells  made  of  Rigid  Plastic  Material  that 
Obeys  the  Uncoupled  Square  Yield  Surface 


2.3.1   Static  Collapse  Pressures 


n 


* 


m 


B 

2 

i 

A 

■ 

1 

3 

C 

4 

D 

h, 


k 


F 

6 

E 

5 

7 

G 

8 

H 

m, 


The  yield  regime  for  the  whole  shell  is  4-5. 

1.  If  the  shell  is  simply  supported,  this  will  result 
in  the  same  equations  and  the  same  boundary  conditions  as  in 
section  2.2.1  for  simply  supported  shell.   Therefore  the 
same  results  will  apply  to  this  case,  and  the  collapse 


static  pressure  p   is 

c  s 

a)  From  (2.2.1.27) 
equation  is : 


for  a  shallow  shell  whose 
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Z   n 
y    =    r  x    '   n  1  2 


_   _  (-h  ,   6n    Z 

p   =  6n  +  ; — =-  — 

^s        n  +  1  R 


now 


/  that  m   is  allowed  to  be  negative (  the  condition  for 

admissibility  becomes:  (m.)     >_1/  which  will  yield: 

J  (J)  mm  J 

b)  From  (2.2.1.28)  page     for  a  shallow  shell  of 
second  degree: 

ps  =  6h  +  4  | 

2.  If  the  shell  is  clamped,  expression  (2.2.1.12) 
page     for  a  shallow  shell  of  second  degree  becomes: 


hxm.  =  hx  -  -r(p   -  — — )  x 
9         6       R 


which   yields: 


i  1     /  4Zv        2 

%    *    X    "    6h    (P    "    -R  }     X 


At    x   =    1,    m,    =    -1      or: 

4> 


p   =   p        =    12h   +   ^  (2.3.1.1) 

r         ^sc  R 


With  this  expression  of  p,  the  stresses  are: 


n9  =  _1'   me  =  1 


s  =  -6hx 


Z    2 


ne  -  -1  +  12h  -  x 
mx  =  1  -  2x2 
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The  flow  rules  remain  the  same  as  in  the  simply 

supported  case,  and  we  have: 

w  =  w  (1  -  x) 

o       ' 

.   v  =  ^wox(l  -  X) 

From  these  results,  we  can  verify  that  the  solution  is 
statically  and  kinematically  admissible  and  is  therefore  an 
exact  solution. 


2.3.2   Dynamic  Response 

Depending  on  the  pressure  difference  p   -  p  ,  the 
yield  regimes  are: 

a)  4-5  for  the  whole  shell,  resulting  in  the  same 

equations  and  the  same  results  as  in  the  low  pressure  case 

of  section  2.2.2.1  and  is  valid  for  0  <  p   -  p   <  1.2h. 

—  ^o   rs  — 

b)  C-5  for  0  £  x  £  u,,  3-5  for  u,  £  x  £  u      and 

4-5  for  u9  £  x  £  1,  resulting  in  the  same  equations  and  the 

same  results  as  in  section  2.2.2.2  and  is  valid  for  1.2h 

p   -  p   <  6 . Oh. 
^o    ^s  — 

c)  C-E  for  0  <_   x  <_  u  ,  c-5  for  u  <_   x  <_   u,  , 

3-5  for  u,  <_   x  <_   Up  and  4-5  for  u2  <_  x   £  1  resulting  in 

the  same  equations  and  the  same  results  as  in  section 
2.2.2.3  and  is  valid  for  6.0  h  <.p   -p   £Ah,  where  the 
value  of  \    depends  on  the  depth  of  the  shell  and  is  not  the 
same  as  in  section  2.2.2.3,  since  the  condition  which  m. 
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has  to  satisfy  is  now  different:   in  this  case  m,  is 
allowed  to  be  negative.   Therefore  condition  (2.2.2.1.19) 
which  is: 

p  e~T   -  p   +  12h  >  0 
^o       ^s       — 

is  now  not  necessary  and  has  to  be  substituted  by  the  one 

which  expresses  that  the  minimum  value  of  m,  at  x  =  x  be 

c  (J)         m 

larger  than  -1. 

'  From  (2.2.2.1.18)  page    ,  which  is 

2  6h  +  (ps  -  p) 


x 

m 


3    P,  ~  P 


we  have 


6h  +  p   -  p 

S  9 

(m.)   .   =  1  -  7-^r x^ 

4>  min           18h  m 


and  we  must  have 

Ps  ~  P 
18h 


-^ x2  >  -1     or 


6h  +  p   -  p 


x2  <  2 

18h     m  — 


Since  x2  <  1,  this  condition  is  satisfied  if  we  have 
m  — 

6h  +  p   -  p 
HE ^2 


p  e~Tf-  p   +  30h  >  0 
^o      ^s       — 

This  condition  will  be  satisfied  for  0  <_   t  <_  Tf  if  it 
is  at  T  =  Tr.   Therefore  we  must  have: 
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-i 


p  e   f  -  p   +  30h  >  0  (2.3.2.1) 

If  we  compare  this  condition  with  the  one  which 
expresses  that  nQ  be  larger  than  -1  at  x  =  1  in  (2.2.2.1.26) 
and  which  is : 

p  e~Tf  -  p   +  18h  >  0  , 
^o       rs       — 

we  can  see  that  condition  (2.3.2.1)  will  be  satisfied  if 
condition  (2.2.2.1.26)  is. 

Thus  condition  (2.2.2.1.19)  page  43  in  the  case  of  two- 
moment  limited-interaction  yield  surface  is  replaced  by 
condition  (2.2.2.1.26)  for  the  case  of  uncoupled  square 
yield  surface.   This  later  condition  gives  a  limit  value 
p   of  p   higher  than  that  given  by  the  former,  and  which 
can  be  found  from  the  simultaneous  system  of  equations: 

f  PoLd  -  e"Tf)  -  psxf  =  0 

PoLe"Tf  -  Ps  +  18h   *  ° 

where  xr  and  p  _  are  the  unknowns. 
f     ^oL 

This  system  has  been  solved  numerically  and  the  values 

of  p    computed  for  shells  whose  depth  varies  from  1  to  5 

times  their  thickness. 
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2  * 4  Dynamic  Plastic  Response  of  Simply  Supported 

Shallow  Shells  made  of  rigid-perf ectly  plastic  material 
that  obeys  the  uncoupled  diamond  yield  surface. 

2.4.1  Static  Collapse  Pressures 

A.  Simply  Supported  Edge 

The  equilibrium  equations  are  the  same  as  (2.2.1.1)- 
(2.2.1.3) . 

The  boundary  conditions  are  also  the  same,  which  are, 
for  a  simply  supported  edge: 


x  =  0:   s  =  0,  na    =  n,,  mA  =  m, 

9     <p    9     9 

x  =  1 :  m ,  =  0 
9 


(2.2.1.4) 


4 


As  in  section  2.2.1,  the  examination  of  the  boundary 
conditions  will  allow  us  to  narrow  the  choices  on  yield 
regimes  and  to  select  the  correct  one  which  has  been  found 
to  be  made  of  faces  3  and  5. 


For  this  yield  regime,  we  have 
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nQ  +  n^  =  -1     (2.4.1.1)     (Table  2.1.3.3) 
mQ  +  m .  =  1      (2.4.1.2)     (Table  2.1.3.3) 

With  (2.2.1.1)-(2.2.1.3)  and  (2.4.1.1),  (2.4.1.2),  we 
have  the  five  equations  needed  to  solve  for  the  5  unknowns 
stresses:  s,  nfi/  n.,  mfl/  m,. 

It  has  been  found  that: 

s  =  -  |(p  -  ~)x  (2.  4.1.3) 

n(D  =  "  I"  ?I(P-  ¥)x*  (2.4.1.4) 

n9  =  -  I+  ll(P  "  lf)x2  (2.4.1.5) 

%  =  1  -   m    (P  "  lf)x2  '       (2.4.1.6) 

me  =  i  +  m  (p  -  ir)x2  (2.4.1.7) 

At  x  =  1,  we  have  m,   =  0,  or  from  (2.4.1.6) 

.11,     2Zv 
0  =  2  "  8h  (P  "  "R > 

From  this  equation,  we  have  the  static  collapse  pressure  p  : 

p  =  pc  =  4h  +  ^  (2.4.1.8) 

S  K 

With  this  value  of  p,  equations  (2 . 4 . 1. 3) -  (2. 4 . 1 . 7)  become: 

s  =  -2hx  (2.4.1.9) 

ne  =  -  (1/2)  +  h|x2        (2.4.1.11) 

■  n .  =  -  i  -  hfx2  (2.4.1.10) 

<p      2     R 
mA  =  i  (1-x2)  (2.4.1.12) 

me  =  \    (1+x2)  (2.4.1.13) 
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From  these  equations,  and  observing  that  h  and  Z/R 
are  small  and  the  product  h(Z/R)  is  small  compared  to  1, 
we  can  see  that  the  solution  is  statically  admissible. 

The  flow  rules  for  regime  3-5  are: 

eQ  =  eA  (2.4.1.14) 

0     <|> 

kQ  =  k,  (2.4.1.15) 

•      •      •      • 

With  e„,  kA,  e,,  k,  from  (2.1.1.1) -G .1.1.4) .  equations 
8    9    <p'   <p  -1 

(2.4.1-14)  and  (2.4J..15)  yield  the  following  ones  in  terms 
of  velocity  components: 

v  -  y'w  =  (v*  -  y"w)x         (2.4.1.16) 

w'  +  y"v  =  (w1  +  y"v) '  x       (2.4.1.17) 

From  these  equations,  and  observing  that  for  a  shallow 

shell  of  second  degree  from  (2.2.1.30),  (2.2.1.31): 

22 
y1  =  y"x  =  —  x,  we  obtain: 
R 

v  =  Ax  (2.4.1.18) 

w  =  Bx2  +  w  (2.4.1.19) 

o 

Using  the  boundary  condition  of  x  =  1,  we  find  A  =  0 

• 

and  B  =  -w  .   Thus : 
o 

v  =  0  (2.4.1.20) 

w  =  w  (1-x2)  (2.4.1.21) 

With  these  velocity  expressions  and  from  (2.1.1.1)- 
(2.1.1.4)  with  y'  and  y"  from  (2.2.1.30)  and  (2.2.1.31) 
we  find: 
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ee  =  %  =  "  -Fwo(1-x) 

•       •  • 

kfl  =  k,  =  2hw 
6     4;      o 

Since  w   is  positive  and  x  <_  1 ,  we  have: 

^e  =  e<j>  i  °'   *e  =  %  1  ° 

Thus  the  solution  is  also  kinematically  admissible. 
Therefore  the  solution  obtained  is  an  exact  one  for  the 
yield  surface  selected. 

B.  Clamped  Edge 

If  the  shell  is  clamped  at  the  edge  x  =  1,  the  boundary 
conditions  at  x  =  1  become: 

x  =  1,    w  =  0,  w'  =  0    or  there  will  be  a  hinge 

Since  a  hinge  is  likely  to  develop  at  the  clamped  edge, 
we  assume  the  following  yield  regimes : 

1.  0  <_   x  <_  u:  regime  3-5 

The  system  of  equations  for  this  regime  is  still 
made  of  (2.2.1.1) -(2.2.1.3)  and  (2.4.1.1),  (2.4.1.2). 
Therefore  the  results  (2 . 4  . 1 . 3) -2  .  4 . 1 . 7)  remain  valid. 

The  flow  rules  (2.4.1.14),  (2.4.1.15)  still  apply,  and 
therefore  equations  (2.4.1.18),  (2.4.1.19)  remain  valid. 

2.  u  <_  x  <_  1 :  regime  3-8 

For  this  regime,  the  system  of  equations  to  determine 
the  stresses  are  (2  .  2  . 1 . 1) - (2 . 2 . 1 . 3)  ,  (2.4.1.1)  and  the 


160. 

equation  corresponding  to  face  8  of  the  yield  surface: 

mQ  -  m   =  1  (Table  2.1.3  .3)  (2  .  4  . 1 .  22) 

Since  s,  n,,  nQ  are  to  be  determined  from  (2.2.1.2), 
(2.2.1.3),  (2.4.1.1)  as  before,  equations  (2.4.1.3)- 
(2.4.1.5)  still  apply. To  determine  m,  and  mfi,  we  have 
(2.2.1.1)  and  (2.4.1.22) .   Solving  this  system  with  s  from 
(2.4.1.3),  we  obtain: 

•     -  m(p   =    l0g   ^  "    ih    (P    "    X}  (x2"u2>  (2.4.1.23) 

x        1 

I^n      =      1      +       lOg      —     -      -TT-       (P      -       2ZN     ,2  2\  I  -.       A        1        ~>  A  \ 

0  a    u        4h      ^        — )(x   -u^)  (2.4.1.24) 

where  m~(u  )  =  0  results  from  the  fact  that  m*  must  be  con- 
tinuous  at  x  =  u. 

The  flow  rule  (2.4.1.14)  still  applies  from  which  equa- 
tion (2  .  4  . 1 .  18)  remains  valid. 

Using  the  boundary  condition  at  x  =  1,  we  have: 

A  =  0  and  v  =  0      (0  £  x  <_   1)      (2.4.1.25) 

The  flow  rule  corresponding  to  face  8  of  the  yield  sur- 
face is  (Table  2.1.3.3): 

k\  +  kQ  =  0  (2.4.1.26) 

9     o 

With  kQ  and  kA  from  (2.1.1.2) ,  (2.1.1.4) ,  and  with  v  =  0, 
and  the  boundary  condition:   w  =  0  at  x  =  1 ,  we  have: 

w  =  C  log  x  (2.4.1. 27) 
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3.  Determination  of  the  Unknowns 

There  are  4  unknowns:   B,  C,  u,  p,  for  which  v/e  have 
4  equations : 

i)  Continuity  of  m,  at  x  =  u  expressed  by  the  equations: 

m.  (u  )  =  m,  (u  )  =•  0 

or,  from  (2.4.1.6) 

'   °  =  1   "  Sh(p  "  ¥)u2         (2.4.1.28) 

ii)  Continuity  of  w  at  x  =  u,  which,  from  (2.4.1.19), 
gives : 

Bu2  +  w   =  C  log  u  (2.4.1. 29) 

iii)  Continuity  of  w'  at  x  =  u,  since  w'  can  be  dis- 
continuous only  for  | m , |  =  1,  which  is  not  the  case  here. 
Differentiating  (2.4.1.19)  and  (2.4.1.27)  with  respect  to 
x,  we  obtain: 

2Bu  =  -  (2.4.1.30) 

U'l 

iv)  The  boundary  condition  at  x  =  1:   for  w1  to  be  dis- 
continuous at  x  =  1,  we  must  have  m,  =  -1.   Then  from 
(2.4.1.23)  we  have: 

,,11,     2Z 
-1  -  log  -  -  ^(p  -  -^  (1_u2)     (2.4.1.31) 

Solving  (2.4.1.29)  and  (2.4.1.30)  for  B  and  C,  we 
obtain: 
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o 
u2  (1-2  log  u) 


B  =  -  „2,t  o  -,—  .^  (2.4.1.32) 


:wO. _  (2.4.1.33) 


1-2  log  u 

Solving  (2.4.1.28)  and  (2.4.1.31)  for  u  and  p,  we 
obtain: 

P  =  Pcr.  =  7tt  +   -IT  (2.4.1.34) 


and 


sc   u/    R 


K-   =  2  -  log  u  (2.4.1.35) 

u  a 


which  yields: 


u  =  0.64  approximately        (2.4.1.36) 


With  these  values  of  B,  C,  p,  the  stresses  and  the 
velocities  become: 


s  =  "2h  h  (0  <x ■  <-l)  (2.4.1.37) 

n(f)  =  -|-h|^T         (0<x<l)  (2.4.1.38) 

n6=  -I+hlu4         (0  <x  <  1)  (2.4.1.39) 

(2.4.1.40a) 

(2.4.1.40b) 

(2.4.1.41a) 

(2.4.1.41b) 


4> 

= 

1  u2-x2 

2  u2 

(0 

< 

X 

< 

u> 

mcj) 

= 

1   x 
log  —  - 

3  u 

2    2 

x  -u 
u2 

<u_ 

< 

X 

< 

1) 

me 

= 

i    2,2 
1  U  +X 

2   uz 

(0 

< 

X 

< 

u) 

me 

= 

1  +  log 

x   x2 

U      u 

-u2 

2 

(0 

< 

X 

< 

u) 
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W  =  W   (1  -  --. ^ — =j 

o      1-2  log  u  u2 


w  =  -w 


2  log  x 
o  1-2  log  u 


(0  <  x  <  u)    (2.4.1.42a) 


(u  <  x  <  1)    (2.4.1.42b) 


5.  Admissibility 

It  can  be  verified  that  the  solution  obtained  is 
kinematically  and  statically  admissible.   Therefore  it  is 
an  .exact  solution  according  to  the  yield  surface  adopted. 

From  the  velocity  expressions  (2. 4 . 1. 42a,b) ,  we  have: 
(w')  _n  =  0/  an<3  therefore  the  apex  is  a  regular  point,  and 


2w 


(w1) 


o 


x=l 


1-2  log  u 


i-    0:  there  is  a  hinge  at  x  =  1 


with  Aw  >  0  and  k.<  0  as  required 

2.4.2  Dynamic  Response  of  Simply  Supported  Shells 

1.  Solution 

If  the  pressure  is  not  too  high,  the  yield  regime 
will  be  the  same  as  in  the  static  problem:  regime  3-5. 

The  flow  rules  and  the  boundary  conditions  are  the  same 
as  in  the  static  problem.   Therefore  the  velocity  expres- 
sions are  the  same  as  in  (2.4.1.20)  and  (2.4.1.21)  but  now 

w   is  a  function  of  time. 
o 

For  regime  3-5,.  relations  (2.4.1.1),  (2.4.1.2)  still 
apply. 
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From  equation  of  motion  (2.1.2.3),  using  (2.4.1.1)  and 

having  y1  and  y"  from  (2.2.1.30)  and  (2.2.1.31),  we  have, 

with  (2.4  .1.21)  : 

(xs)  ■  =  yw    (x-x3)    -  (p  -  p~)x 

Integrating  this  equation  from  0  to  x,  we  have: 

xs  =  YW0(i-x2-  ±x")  -  |(p  -  ^)x2    (2.4.2.1) 

From  equation  (2.1.2.1),  and  using  relation  (2.4.1.2), 
we  have: 

h(xml+2m. )  =  h  +  xs 

With  xs  from  (2.4.2.1),  we  have,  after  some  manipula- 
tions : 

h  ax(x*V  =  hx  +  ^o(ix3  "  tx5)  -  i<p-if)x3 

Integrating  this  equation  from  0  to  x ,  and  simplifying 
by  x2  ,  we  obtain: 

1      ^0,1   2      1    X»x      1   ,       2Z,   2 

%  =  2  +  "h-(8X   "  24 X  }  "  8h(p  "  R")X 

( 2.4.2.2) 

Using  the  boundary  condition  at  x  =  1  for  simply 
supported  shell,  we  obtain: 

^o  =  l(p  "  ¥   "  4h) 
From  the  expression  of  p   in  (2.4.1.8),  we  have: 

9 
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Then: 


-  pa  -  4h         (2.4.2.3) 


Ywo  =  |  (p-ps)        (2.4.2.4) 

With  yv/Q  known*,  we  have,  from  (2.4.2.1)  and  (2.4.2.3): 

p-p  -8h       3(p-p  ) 
xs  =  1 x2 g-^-  x4  (2.4.2.5) 

and    from    (2.4.2.2)    and   using    (2.4.2.3)    we   have: 

p-p    -8h  p-p 

mr    2    +    [-l!h-*2    "   mr*k]  (2.4.2.6) 

Then,    from   relation    (2.4.1.2),    we   have: 

i         P-P   "8h  p-p 

m6    =   I"    -llh-  *2    -    I6ITX^  (2.4.2.7) 

From  equilibrium  equation  (2.1.2.2) ,  with  yv  from 
(2.4.1.20),  and  using  relation  (2.4.1.1)  and  with  y"  from 
(2.2.1.31)  and  xs  from  (2.4.2.5)  we  have,  after  some  mani- 
pulations : 

a  77      P-P  ~8h       3 (p-p  ) 

h  l*2V  =  -  x  +  ¥  [— I—  *3  -  ^r^-  *5) 

Integrating  this  equation  from  0  to  x  and  simplifying 
by  x2,  we  obtain: 

1   x  2Z  rp-ps-8h   2    (P^s)   M 

(2.4.2.8) 
Then,  from  (2.4.1.1),  we  have: 
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1    2Z_  rP-Ps-8h   2    P"Ps   ^ 
n0  R  L    16    X      16   X  J       (2.4.2.9) 

Integrating  (2.4.2.4)  with,  respect  to  x,  and  using 


the  initial  condition:   at  t  =  0,  ^w   =  0 ,  we  have: 

■yw0  =  |  [pQ(l-e"T)  -  psx]         (2.4.2.10) 

With  this  result,  the  velocities  become: 
yv  =  0 

yw"  =  |  [po(l-e"T)  -  psx](l-x2)       (2.4.2.11) 

2 .  Admissibility 

a)  Kinematic  Admissibility 

From  the  static  problem,  we  have  seen  that  the  solu- 
tion is  kinematically  admissible  for: 

yw  >_  0 

or,  from  (2.4.2.10): 

Po(l-e"T)  -  psT  >  0 

or  t  <.  Tf 


At  i  =  xf  determined  by: 


p  (l-e"Tf  )-  p  x,  =  0  ,         (2.4.2.12) 
o  st 

yw   =  0 ,  then  yw  =  0 , 


and  the  motion  ceases. 
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b)  Static  Admissibility 

From  the  expressions  (2. 4  .  2 . 6) -  (2 . 4. 2 .9)  ,  we  can 
see  that  we  can  write  the  stresses  in  the  following  forms: 


m.  =  1/2  +  P(x)  (2.4.2.13) 

mQ  =  1/2  -  P(x)  (2.4.2.14) 

8 

n  ,  =  -  1/2  +  ~  h  P(x)         (2.4.2.15) 
9  K 

'  nQ  =  -  1/2  -  ~  h  P(x)         (2.4.2.16) 

where 

p-p  -8h      P~P 

p(x»  -  -iftr-x2  -  mr*"         (2.4.2.17) 

The  conditions  for  static  admissibility  of  regime  3-5 
are : 

0  <  mx    <  1  (2.4.2.18) 

-  <j>  - 

0  <  m   <  1  (2.4.2.19) 

-  8 

-1  <  nA  <  0  (2.4.2.20) 

-  <P  ~ 

-1  <  nQ  <  0  (2.4.2.21) 

From  the  expressions  of  m,,  mn,  n,,  n„  in  (2.4.2.13)- 

c  cp    8    9    6 

(2.4.2.16)  and  observing  that  (2Z/R) h  is  small  compared  to 
1,  we  see  that  conditions  (2  .  4 . 2  .  18) -  (2  .  4 . 2 . 21)  can  all  be 
satisfied  if  we  have: 

"  \   1  p(x>  1   I  (2.4.2.22) 
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From  the  expression  of  P  (x)  in  (.2.4.2.17),  we  have : 


—  [(p-ps-8h)  -  2(p-ps)x2] 


8h 


(2.4.2.23) 


P'  (x)  =0   for  x±   =    0 ,      and 


p-p  -8h 
2  _  __2_s 

X2     2 (p-p  ) 


(2.4.2.24) 


i.  If  p  -p   <_  8h,  then  p-p  -8h  <_   0  since  p  decreases 
with  x.   We  have  2  cases: 

—  T 

For  p  =  pe   >  p   or  t  <_  log  p  /p  ,  the  right- 
hand  side  of  (2.4.2.24)  is  negative  and  x~  is  imaginary. 
From  (2.4.2.23)  we  can  see  that  P'(x)  is  negative:  P(x) 
decreases  monotonically  from  P(0)  =  0  to  P(l)  =  -1/2  and 
(2.4.2.22)  is  satisfied. 

—  T 

For  p  =  p  e    <  p   or  log  p  /p   <  t  <  Tr  where  t, 
r    ^o     —  ^s       3  *o  ^s  —   —  f        f 

is  the  instant  when  the  motion  ceases,  and  is  defined  in 
(2.4.2.12),  the  right-hand  side  of  (2.4.2.24)  is  positive 


and  x2  exists : 


X2  = 


p-ps-8h 
2(P-PS) 


v2 


and  we  have  the  following  tables  of  variation  of  P(x) 
depending  on  the  position  of  x„  with  respect  to  1. 


X 

0 

x2 

1 

P'  (x) 

+ 

P(x) 

0 

-1/2 

P'  (x) 
P(x) 


X. 


-1/2 
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From  these  tables,  we  can  see  that  if  x„  <  1, 
P (x)  will  have  a  minimum  at  x  -  which  is  smaller  than  -1/2 
and  is  not  admissible.   If  x„  >^  1 ,  then  P '  (x)  is  negative 
in  the  interval  (0,1)  and  P  (x)  decreases  monotonically 
from  P(0)  =  0  to  P(l)  =  -1/2,  (2.4.2.22)  is  satisfied. 
Thus,  to  have  (2.4.2.22)  satisfied,  we  must  have: 

or,  from  (2.4.2.24) 

p  -  p   +  8h  ^  0 

Since  p  decreases  monotonically,  this  condition  is 
satisfied  at  0  <  t  <  if  if  it  is  at  i  =  i'~,    and  we  have  the 
condition : 

p  e"Tf  -  p   +  8h  >  0  (2.4.2.25) 

^o       ^s      — 

(po  -  Ps  <  8h> 

A  numerical  approach  has  been  used  for  p  -p   varying 
from  0.4h  to  8. Oh  and  for  shells  whose  depth  varies  from  1 
to  5  times  their  thickness.   It  has  been  found  that 
(2.4.2.25)  is  satisfied. 


ii)  If  p  -p   >  8h,  then  we  have  3  cases: 
^o  *s 

(a)p  e~T-p   >  8h  or  0    T    log  [p  /(p  +8h)] 

OS  —  O     o 

The  right-hand  side  of  (2.4.2.24)  is  positive  and 
x„  exists  and  is  smaller  than  1. 
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From  the  expression  of  P ' (x)  in  (2.4.2.23),  we  have 
the  following  table  of  variation  of  P(x) 


X 

0 

X2 

1 

P'  (x) 

+ 

- 

P(x) 

0 

\V-2 

Thus  P(x)  has  a  maximum  at  x„ ,  and  from  (2.4.2.17), 
this  maximum  is : 


x, 


P.(x2) 


16h 


(p-ps-8h)  -  (p-ps)x|] 


or  with  x~  from  (2.4.2.24) : 


(p-p  -8h)  2 
^V    64h(p-p  ) 


For  (2.4.2.22)  to  be  satisfied,  we  must  have 


(p-ps-8h)  2  1 
"I  2 


64h(p-ps) 


or,  since  p-p  >  0 : 


(p-p  ) 2  -  16h(p-pc)  +  64h2    32h(p-p  ) 


This  condition  will  be  satisfied  if  we  have,  with 
8h  <  P-Ps: 

p-p   £  16  (1.5  +  /J)  h 
Since  p  decreases  with  t,  this  inequality  is  satisfied 
for  t  >  0  if  it  is  at  t  =  0 .   Thus,  we  must  have: 
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p  -p   <  16(1.5  +  /2)  h        (2.4.2.26) 
os  — 

(  3)  0  <_  p-p   <_  8h  or:  log  p  /p  +8h  £  t  <    log  p  /p  . 

o  wo  OS 

For  this  interval,  we  have: 

p-p  ">  0  and  p-p   -  8h  <  0 

o  o 

B'rom  (2.4.2.24),  we  can  see  that  its  right-hand  side 
is  negative;  x„  is  imaginary.   From  (2.4.2.23) ,  we  see  that 
P'(x)  is  then  negative  and  P(x)  decreases  monotonically 
from  P(0)  =  0  to  P(l)  =  -1/2,  and  condition  (2.4.2.22)  is 
satisfied. 

( Y)p-p   <  0  or  log  p  /p   <  t  <  t£. 

c   ^s  r  ^o  ^s  —   —   f 

In  this  case,  the  condition  of  admissibility  is  the  same 
as  that  of  the  second  part  of  i) ,  which  is  condition 
(2.4.2.25) . 

iii)  Conclusion. 

From  the  previous  study,  we  conclude  that  the 

solution  obtained  is  admissible  for  the  lesser  of  the  2 

values  of  p   determined  by  (2.4.2.25)  and  (2.4.2.26)  which 
o 


are: 


peTf-p      +8h>0  (2.4.2.25) 

*o  rs  — 


p      -    p      <    16(1.5    +    /2)h         (2.4.2.26) 
^o  s   — 

Condition  (2.4.2.25)  has  been  found  to  be  much  more 
restrictive  than  (2.4.2.26). 
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The  maximum  value  p    of  p   for  condition  (2.4.2.25) 

can  be  obtained  by  solving  the  simultaneous  system  of 

equations  made  of  (2.4.2.12)  which  is: 

PoLd-e~Tf)-  psxf  =  0  (2.4.2.12) 

and     P0Le~Tf  "  ps  +  8h  =  °  (2.4.2.25a) 

the  unknov7n  beinq  t  ,-  and  p  T  . 

v      f      ^oL 

i 

3.  Final  Displacement 

Integrating  (2.4.2.11)  from  0  to  if,  with  the  initial 
condition:  yw  =  0  at  t  =  0 ,  we  have: 

^f  =  l[(po~ps)Tf  "  IpsTf](1"x2)       (2.4.2.27) 

The  displacement  distribution  is  parabolic  and  there 
are  no  singularities  at  x  =  0  (no  hinge) .   The  displacement 
is  maximum  at  the  central  point  x  =  0  and  its  value  is : 

^o  =  l[(po-ps)Tf  -  KTf] 

4 .  Energy  Absorbed 

As  in  section  2.2.2.1,  the  energy  absorbed  is  given  by: 


,Tf   X 


E  ,   =  2ttR2N 
abs        c 


pw  xdx  dx 


0     0 


With  p  =  p  e    and  w  from  (2.4.2.11),  we  obtain 
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TTR2N    r    p2 


E 


abs     2y 


o{^u_e-tf)2  .  pops[l-(l  +  T£)e-f]  } 


Comparing  this  expression  with  (2.2.2.1.28) 
in  the  low  pressure  case  of  the  two-moment  limited  inter- 
action yield  surface,  we  see  that  for  the  same  values  of 

p   and  p  ,  we  have : 
^o     es 

abs        ,  ,    4   abs  .         , 
uncoupled  two-moment 

square  limited  interaction 

The  same  conclusion  applies  to  the  maximum  central 
deflection. 
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*»X 


(a)  Stress  Distribution 


(b)  Velocity  and  Displacement  Distribution 


Stress  and  Velocity,  Displacement  Distributions 
Shallow  Shells  -  Uncoupled  Diamond  Yield  Surface 


Fig.  20 
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2 . 5  Comparison  of  the  Results 

■ 

2.5.1  Two-moment  Limited  and  Uncoupled  Square 
Yield  Surfaces 

The  static  collapse  pressures  are  the  same  for 
both  yield  surfaces,  in  the  case  of  simply  supported  shells. 
The  solutions  for  the  dynamic  problem  can  be  applied  to 
both  yield  surfaces,  with  the  only  difference  that  the 
upper  limit  p    of  the  peak  value  p   of  the  applied  pressure 
is  higher  for  the  uncoupled  square  yield  surface.   In  the 
case  of  the  two-moment  limited  interaction  yield  surface, 
this  limit  p    is  solution  of  a  simultaneous  system  of 
equations  made  of  (2.2.2.1.8)  and  (2.2.2.1.19)  which  are, 
respectively : 


-T 

oLv"  °   '  '    ^s  f 


d  n-e-f)  -  Pc   =  0 


p  Te   f  -  p   +  12h  =  0 
^oL       ^s 

In  the  case  of  the  uncoupled  square  yield  surface,  this 
limit  p    is  solution  of  a  simultaneous  system  of 
equations  made  of  (2.2.2.1.8)  and  (2.2.2.1.26)  which  are, 
respectively : 

PoL(l-e-Tf)  "  Ps  f  =  0 

POL6"''  "  Ps  +  18h  =  0 

Graph  G.9  presents  these  values  of  p  T  as  function 

oL 

of  the  ratio  depth/thickness. 
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2.5.2  Two-moment  Limited  and  Uncoupled  Diamond 
Yield  Surfaces 

For  the  uncoupled  diamond  yield  surface,  it  has 
been  found  that  the  maximum  value  of  the  pressure  differ- 
ence p  -p   under  which  the  whole  shell  collapses  in  one 
regime  is  much  larger  compared  to  that  of  the  two-moment 
limited  interaction  yield  surface.   In  fact,  for  some  values 
of  this  pressure  difference,  we  are  in  the  medium  high 
pressure  range  of  the  two-moment  limited  interaction  yield 
surface . 

The  meridional  component  of  the  velocity  is  zero 
according  to  the  uncoupled  square  yield  surface  whereas  it 
is  of  the  order  0(Z/R)  compared  to  the  normal  component 
according  to  the  two-moment  limited  interaction  yield  sur- 
face and  is  not  negligible  if  we  want  to  be  consistent  with 
the  shallow  shell  approximations  adopted. 

Another  aspect  of  the  problem  is  the  expressions  of  the 
stress  resultants.   In  the  case  of  the  uncoupled  diamond 
yield  surface,  all  the  stress  and  moment  resultants  are 
expressible  in  terms  of  a  function  P(x)  defined  in  (2.4.2.17) 
and  the  problem  of  static  admissibility  can  be  carried  out 
by  studying  only  this  function  P (x) .   This  fact  simplifies 
the  whole  problem  considerably,  for  we  might  have  noted 
that  the  problem  of  determining  the  admissibility  of  the 
solution  is  also  as  involved  as  the  problem  of  obtaining  a 
solution  for  the  whole  problem. 
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One  disadvantage  of  the  uncoupled  diamond  yield 

surface,  however,  is  that  it  is  not  as  accurate  as  the  two- 
moment  limited  interaction  yield  surface  as  suggested  by 
inspection  of  the  bounds  in  (2.1.3.1)  and  (2.1.3.3). 
Since  we  have  here  two  yield  surfaces,  one  is  more  accurate 
than  the  other/   we  have  also  used  a  method  proposed  by 
P.  G.  Hodge  and  B.  Paul  [13]  to  find  a  better  approximation 
for  the  linearized  yield  surfaces:   a  peak  value  of  the 
applied  dynamic  pressure  is  chosen,  which  is  26h  in  this 
case.   Then  the  graphs  of  the  maximum  central  deflection  and 
of  the  energy  absorbed  according  to  the  two  yield  surfaces 
are  concurrently  drawn  as  functions  of  the  depth  of  the 
shell  which  varies  from  0  to  1.25  times  its  thickness. 
According  to  the  choice  of  the  uncoupled  diamond  yield 
surface,  which  is  considered  here  as  the  approximate  yield 
surface,  with  respect  to  the  two-moment  limited  interaction 
yield  surface,  which  is  considered  here  as  the  improved 
yield  surface,  we  have  3  cases:   the  approximate  yield  sur- 
face is  made  to  inscribe,  circumscribe  the  improved  yield 
surface  or  to  have  the  same  static  collapse  pressure  as 
that  of  the  improved  yield  surface.   Each  choice  will  give  a 
curve  of  variation  of  the  maximum  central  deflection  and  one 
of  the  energy  absorbed.   By  inspecting  the  position  of  these 
curves  relative  to  the  corresponding  ones  given  by  the 
improved  yield  surface,  we  can  see  which  alternative  gives  a 
curve  that  is  closer  to  the  corresponding  one  of  the 
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improved  yield  surface  and  therefore  decide  which  approx- 

a 

imation  is  better. 

From  the  graphs   G.  7,8     we  found  as  in  Ref.  [13] 
that  the  approximation  that  makes  the  static  collapse 
pressure  equal  to  that  of  the  improved  yield  surface  gives 
the  best  result  (except  for  the  energy  absorbed  in  the  case 
of  very  shallow  shell)  and  that  the  inscribed  and  circum- 
scribed approximate  yield  surface  give  the  upper  and  lower 
bounds  respectively  for  the  maximum  central  deflection  and 
energy  absorbed. 

Because  of  the  simplicity  of  the  solution  obtained  with 
the  uncoupled  diamond  yield  surface  for  shells  whose 
reference  surface  is  a  quadric,  it  is  natural  that  we  should 
try  to  extend  the  value  of  the  upper  limit  p    of  the  peak 
value  of  the  applied  pressure  by  allowing  the  shell  to  col- 
lapse under  more  than  one  regime.   This  attempt  has  been 
carried  out:   at  a  pressure  p   larger  than  p    determined  by 
the  system  made  of  (2.4.2.12)  and  (2.4.2.25a) ,  it  was  as- 
sumed that  the  shell  would  collapse  in  one  regime  3-5 
(Fig.  6a, b)  for  0  <_  T  <_  T,  where  T,  is  determined  by 

p  e~Tl  -  p   +  8h  =  0 
*o       ^s 

(At  T  =  T, ,  the  moment  m  will  reach  a  minimum  equal  to  zero 
at  x  =  1.) 

For  t  >  t -,  ,  "tU  would  become  negative  for  u   x    1  and 
the  shell  would  collapse  in  more  than  one  regime.   We  first 
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assume  the  following  collapse  regimes  CFig.  6a,b)  : 

i)  0  <_  x  <_  u:   regime  3-5 

ii)  u  £  x  <_  1:   regime  3-8 

The  function  u(t)  has  been  found  to  be  solution  of  an 
ordinary  differential  equation  of  second  order. 

The  initial  values  have  been  found  to  be: 

at  t  =  i  ',  u(x,)  =  1  which  is  expected,  and: 

i(T,)  =  ^ >  0 

3[pQ(l-e  Tl)  -  psx1] 

which  is  not  possible  since  u  should  shrink  from  its  in- 
itial value  u(t,)  =  1  to  a  smaller  value  for  t  >  t,  and 
this  will  require  u(t,)  to  be  negative. 

Then,  another  combination  has  been  tried: 

i)  0  <^  x  _<  u-,  :  regime  3-5 

ii)  u,  _<  x  _<  u  *.  regime  3-E 

iii)  u-  £  x  £  1:  regime  3-8 

but  did  not  give  any  meaningful  result. 
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3.  GENERAL  SPHERICAL  SHELLS 


3. 1  General  Relations 

3.1.1  Strain  Rate-Velocity  Relations 
For  spherical  shells  loaded  symmetrically,  the  rela- 
tions between  the  generalized  strain  rates  and  velocities 


are  [17] 


Fig.  18 


e  a   =  v  cot  <J>-w 

•  •  • 

kD  =  -h  cot  <J>(v+w') 

0 


%  "   v'"w 

k^  =-h(v+w') 

with 

C   )  »   =  d(   )/d<J> 

and 

h    =    M   /AN 
o        o 

(3.1.1.1) 

(3.1.1.2) 
(3.1.1.3) 
(3.1.1.4) 

(3.1.1.5) 
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In  this  case,  the  reference  length  A  is  the  radius  R 
of  the  shell: 

A  =  R 
Then  from  (2.1.1.5) : 

h  =    ° 


R  N 
o 


h  =  ■—  (3.1.1.6) 

3.1.2  Equilibrium  Equations 

Using  the  results  from  [17]  for  spherical  shells  loaded 
symmetrically,  with  some  modifications  to  include  the  inertia 
terms,  we  have  the  following  expressions  for  the  rates  of 
internal  energy  dissipation  d.  ,  and  of  external  energy 
input  d    : 


a 

» 

int 

o 

a 
ext 


(neee  +  V*  +  meke  +  VV  sin  ♦  d* 


[  (p  -yw)w  sin  9  +  (p.-yv)v  sin  9]  sin  9  d§ 


+   \    sin  d)[n,v  +  sw  -  hrti,  (v+w1)  ] 


$  =  a 


where  p   and  p,  are  respectively  the  normal  and  meridional 
components  of  the  applied  load. 

With  eQ,  e,, 'kQ,  k.  from  (3 . 1. 1 . 1) - (3 . 1 . 1. 4)  and  apply 

0969 

ing  the  principle  of  virtual  velocities,  we  obtain  the 


182 

following  equations  of  equilibrium: 

s  sin  9  =  h[(m  sin  9)  r  -  mQ  cos  9]  -  2hp.  sin  9  +   -^yh2ft.sin9 

(n ,  sin  9)  '  -  n„  cos  9  -  s  sin  9  +  p   sin  9  =  yv  sin  9 

(n   +  n  )  sin  9  +  (s  sin  9)  '  +  p   sin  9  =  yw  sin  9 

•  •        • 

ft.  =  v  +  w1  is  the  rate  of  slope  change  or  angular  velocity 

As  in  the  case  of  shallow  shells,  we  observe  that  ft  ^ 

has  a  sense  of  rotation  contrary  to  that  of  positive  m,  and 

4    ?  • 
the  term  —  yh  ft ,  =  -i(-ft.) ,  where  i  is  the  non-dimensional 
3      (j)         <p 

moment  of  inertia  of  unit  area  of  the  shell  with  respect  to 
the  reference  surface,  represents  the  rotary  inertia. 

The  term  -2hp,  represents  a  momentarising  from  the 
fact  that  the  dimensional  meridional  component  P.  of  the 
applied  load  P  is  acting  at  a  distance  H  from  the  reference 
surface. 

If  the  load  is  applied  only  in  the  normal  direction, 
which  is  our  case,  we  have  p,  =  0,  p  =  p  ,  and  if  the 
rotary  inertia  is  neglected,  then  we  have 


s  sin  ®  =  h[(m,sin  <f>)  '  -  mQ  cos  <$>]         (3.1.2.1) 

9  o 


(n,  sin  <j>)  '  -  n_  cos  9  -  s  sin  9  =  yv  sin  9 

9  o 

(3.1.2.2) 

(n.+n  ,)  sin  9  +  (s  sin  9)  '  +  p  sin  9  =  yw  sin  9 

9   *  (3.1.2.3) 
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For  a  shell  without  a  hole,  simply  supported  at  the 
edge  <J>  =  a  and  made  of  isotropic  material,  we  have  the 
following  boundary  conditions: 

At  <J>  =  0: 

From  isotropy   considerations: 

ne  =  %   '   me  =  m4, 

From  symmetry  considerations: 

-   s  =  0 

v  =  0,   w1 =  0   or  there  will  be  a  hinge 


At  (J)  =  a: 

For  simply  supported  edge,  not  free  to  move: 
mA  =  0 

•  • 

w  =0,   v  =  0   or  there  will  be  a  hinge 

The  initial  conditions  are: 

At  t  =  0 ,  v=v=0,w=w=0 
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3. 2  Dynamic  Plastic  Response  of  Simply  Supported  Spherical 
Shells  Made  of  Rigid-Perf ectly  Plastic  Material  that 
Obevs  the  Two-Moment  Limited- Interaction  Yield  Surface 

As  in  the  case  of  shallow  shells,  the  applied  dynamic 
pressure  decays  exponentially  with  time.   Its  analytic 
representation  in  terms  of  non-dimensional  quantities  is: 

P  =  Poe"T 

where  the  peak  pressure  p   is  larger  than  the  static  col- 
lapse pressure. 

3.2.1.  Static  Collapse  Pressures 

Hodge  has  obtained  an  exact  solution  according  to 
the  two-moment  limited-interaction  yield  surface  for  simply 
supported  and  clamped  spherical  caps  [18] . 

The  static  collapse  pressures  are  found  to  be: 
For  simply  supported  spherical  cap: 

The  yield  regime  is  5-7  (Figs.  4a,b)  and 

p   =  2  +  2h_sin_o (3.2.1.1) 

s        ,    1  +  sin  a 

loq  -  sin  a 

^    cos  a 

For  clamped  spherical  cap: 

The  yield  regimes  are:   0  <_   <j>  <_   <{>,:  5-7, 

(Figs.  4a, b) 

$i  £  <J>  <   a  :  5~3 

p    =  2  +  1  Jh.si"    ^ (3.2.1.2) 

rsc  1  +  sin  <j>, 

log 7 -  sin  cf), 

^    cos  <J),  1 
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where  cf>,  is  solution  of: 

sin  cf>,  1  +  log  (sin  a/sin  <K ) 

1  +  sin  <j),  I    J     ~  "       ~ 

-,„„   . 1  „.   .  log  (cos  (£,  /  cos  a) 

log  7 -  sin  <p,      3       Tl  ' 

^   cos  cf>,  Yl 

(3.2.1.3) 

These  results  are  valid  for  spherical  caps  whose  aper- 
ture angle  a  satisfies  the  condition: 

cos2  a  r,    1  +  sin  a     .    ,  ^  , 

— -. — 5 [log  -  sin  a]  >  h 

sm3  a     r    cos  a  — 

•  .  (3.2.1.4) 

which  is  required  so  that  the  value  nQ  (a)  of  nn  at  <J>  =  a 

0  0 

remains  negative  as  required  by  the  yield  before  profile 
selected. 

3.2.2  Dynamic  Response  of  Simply  Supported  Spherical 
Shells 

Sankaranarayanan  has  obtained  an  exact  solution 
according  to  the  two-moment  limited-interaction  yield  sur- 
face for  a  simply  supported  spherical  cap  under  dynamic 
loading  [14].   The  yield  regime  is  5-7  (Figs.  4a, b)  and  the 
results  are: 

%  =  -1'      me  =  1 

1    -     COS     <J) 


=   — =*-   tan    <£    +   yw       { 


sin4>cos    §        log    (sec    a   +    tan   a) 


..log(sec    $   +    tan    $)    _   <f> ,     \ 

L  sin    (j)  sin    §    cos    <f> 


(3.2.2.1) 
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1, 
<p  h 


(1-h)    +    (p-2)log  (sec<t>+tantf>)    _  pj 

2sin<|>  2i 


YW 

1    o 

hsinc 


log(sec(J)+    tan<J>)  - 


* 


x   secxdx 


log(seca+  tana) 


,,,   log  (secd)+tan(j>)  , 
log (seca+tana) 


n, 


1    +   £~^-tan2<t)   +   

2  cos 


(3.2.2.2) 

jJcbs8*[l   -    logtsecHtand)), 

(j)  t  log  (seca+tana) 


-  [1  - 


* 


log  (seca-'rtana) 


] 


(3.2.2.3) 


yw  = 


[log(sec  g+tan  a) ]  [log(sec  a+tan  a) -sin  a]  (p~Ps) 


2  [[log (sec  a+tana  )]2  -  2 


a 


x  sec  x  dx 


(3.2.2.4) 


,  ,  ,  log(sec  cb  +  tan  d>)  ,  ,_  0  0  cN 

YW  =  YW   cos  d>  [  1  -  .  ^  * — ; — z ^-f-  ]  (3.2.2.5) 

1     '  o      Y  log  (sec  a  +  tan  a.) 

a  r  i  log(sec  cf)  +  tan  <J>)  ,  , -,  0  0  ,.,. 

yv  =  yw   sin  i  1  -  ^ — 2-7 — ; — r S-r-  J  (3.2.2.6) 

1     '  o  log (sec  a  +  tan  a) 


YW„  = 


yw   is  the  velocity  of  the  apex  and  is  given  by: 

—  T 

[log  (seca+tana)  ]  [log  (seca+tana) -sina]  [p  QL-e   ) -p  t] 


ra 


2  {     [log  (seca+tana) ] 2  -  2 


x  sec  x  dx 


(3.2.2.7) 


The  solution  is  kinematically  admissible  for  0  <_   x  <_   xf 
where  xf  is  the  instant  when  the  motion  ceases  and  is 


187. 


determined  by  : 


poCl-e-T*)  -  psxf  -  0 


(3.2.2.8) 


The  peak  value  p   of  the  dynamic  load  is  such  that 

o 


p   <  2  + 
^o  — 


6h  sin  a  log  (sec  a  +  tan  a) 


ra 


log (seca+tana) [log (seca+tana) -3sina]  +  4 


so  that  n  =  -1  be  minimum  at  d>  =  0 


xsecxdx 


o 


(3.2.2.9) 

f 

Then,  it  can  be  verified  numerically  that  the  solution 
is  statically  admissible. 

The  final  displacement  component  distributions  are 
given  by: 

r,    log(sec  $  +  tan  4)),    ,  0  ~  ~  ,nN 

yw,-  =  yw   cos  d)  [1  -  -= — 2-7 - — ■ — ^J    (3.2.2.10) 

'  f    '  o      Y       log (sec  a  +  tan  a) 


yvf  =  yw 


,  ,,    log(sec  4>  +  tan  §)  ,    in    n    n    ii\ 

sin  (b    [1  -  i — -S — : — z \  i  (3.2.2.11) 

o  log (sec  a  +  tan  a) 


Where  yw   is  the  final  central  displacement: 


yw      = 


log(seca+tana)[log  (seca+tana)  -sina]  KP^Pg)  Tf  ~  2"PsTf  2  ^ 


ra 


2\   [log (seca+tana ) ]  -  2 


x  sec  xdx 


(3.2.2.12) 


where  t^  is  given  by  (3.2.2.8). 


The  energy  absorbed  is: 

a      dU 


Jabs 


n 


o       •'o 


P-rrz1  27iR2sin    <b   d<+>dt 
d  t 


(3.2.2.13) 


With  the  non-dimensional  quantities : 

U 


we  have 


T  = 


T  ' 
o 


n 
IP   P 


RP 

N 


E  .   =  2ttR2N 
abs         o 


Tr   a 
r  r 


o   o 


pw  sin  (j)  dc})dT 
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With  (3.2.2.5)  and  (3.2.2.7)/  it  can  be  shown  that  we 


have: 


E 


abs 


_  ?  R2N  [log(sec  a+tan  a)]  [log(sec  a+tan  a) -sin  a] 


2Y\[log(sec  a+tan  a)]2  -  2 


a 


x  sec  xdx 


Jo 


\   p2  (1-e  Tf)2  -  pQps  [1  -  (l+xf)e  Tf]|   (3.2.2.14) 


3.2.3   Limited  Series  Expansion  of  the  Solution  of  the 
Dynamic  Problem 

To  have  a  better  idea  on  the  range  of  validity  of  the 
dynamic  solution  and  on  the  static  admissibility,  we  have 
made  a  limited  series  expansion  of  the  solution  obtained  in 
(3 . 2 . 2 . 1) -  (3 . 2 . 2 . 7)  ,  by  neglecting  terms  of  4th  order  or 
higher. 

1 .  Solution 
With: 


sin  x  =  x  - 


cos  x  =  1  - 


x3+  x5 


X 


120    5040 


2       k 
X      X 

2    24 


720 
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3       5 

log  (sec  x  +  tan  x)  =  x  +  ^—  +   ttt  + 


61x7 


24    5040 


log  (sec  x  +  tan  x)  -  sin  x  =  ~-   +  ~  + 


3     30    5040 


2       4       6 

log  (sec  u  +  tan  u)  du  =  ~   +  §-r  + 


2     24    144 


x 


3      -7„5 


u  sec  udu  =  X  +r-?r  + 


7x5     31x7 


18    1800    105840 


and  using  the  results  from   3.2.1.1,  it  can  be 
shown  that  we  obtain: 

p   =  2  +  %  (1  -  ^-)  (3.2.3.1) 

^s       a       15 

The  presence  of  a2  in  the  denominator  of  the  second  term 
comes  from  the  fact  that  in  this  part,  we  have  chosen  the 
shell  radius  as  the  reference  length  A  in  the  non-dimen- 
sionalizing  procedure.   If  the  base  radius  B  of  the  shell  is 
chosen  as  the  reference  length  instead,  then  from: 
B  =  R  sin  a,  we  have: 

p'  =  p   sin  a 
,  _   h 


h»  = 


sin  a 


Then  for  small  value  of  a>  where  a2  <<  1/  it  can  be 
shown  that: 

Ps  =  4  I  +  6h 

as    has    been    found    for   shallow    s*hells    in    (2. 2.1. 28). 
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The    limited   series    expansion   of    the   dynamic    solution   is : 


a2-4>2         4U2-a2U2    _    (p   Ps}    <j>2Cd>-a)  ,.,     .    15(j)2-2g(j)-14a2  N 

~ 30 1 

(3.2.3.2) 


m(j)  15a z  6h  a  30 


-e  =  -  l  +  3h  ^  »  "  if1  +  *£ 

+  !2£  ^  [_   5   +  2«i  .    Til  +  i(l£  .    32ai  +  Mi,  j 

(3.2.3.3) 

yw   =      ywo    [1    -    ^1  -    |(1    -    |i  -    |i)]  (3.2.3.4) 

yv   =   Ywod,    [1    -    |i  -    £(1    -  |n  (3.2.3.5) 

ywQ   =    2(1    -    2«i)  [po(l-e"T)     -    psi]  (3.2.3.6) 


2 .  Admi ssibility 

a)  Kinematic 

The  conditions  for  kinematic  admissibility  for  regime 
5-7  (Figs.  4a, b)  are  e ,  <_  0  and  k„  >  0. 

For  e,,  we  have  from  (3.1.1.3)  and  (3.2.3.4),  (3.2.3.5) 

.   *      a2   <j>2 

e,  =  -  w  — (1-  -x -x — 2-) 

<j>      o  a      2    3a 

From  (3.2.3.6)  and  since  a2  is  smaller  than  1,  we  can 
see  that  w  is  positive  for  t  <  xf/  where  Tf  is  determined 
by  (3.2.2.8).   Therefore  for  e,  to  be  negative,  we  must  have: 
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3.cr 

or,    with    (J)   =    a : 


<b2  a2 

2-  +  ~  <   1         ,         0    <    <j)    <    a 


2    .    4 

a      <   ■=• 

3 


which   is    satisfied   since    a2    is    smaller   than   1 


For   kfi/    we   have    from    (3.1.1.2)    and    (3.2.3.4),     (3.2.3.5): 

W  2  2  j.  2 

kQ   =   a   cot   cf>   —    (1    +    acf)3    -   ^ f-) 

For  kfl  to  be  positive,  with  cf)  <_  a  <  1 ,  we  must  have: 


a   ,  a  6  , 

With  a4  <<  1,  this  inequality  is  always  satisfied. 
Therefore  the  solution  is  kinematically  admissible. 

b)  Static 

i)  nQ:   the  conditions  for  admissibility  of  na    are: 
y  y 

-1  <  ne  <  0 

From  (3.2.3.3),  we  have: 

n'  =  cf)  x  pn(<(>)  (3.2.3.8) 

with: 

w,.,    20  P~Ps  .3    r8h    7(p"Ps}  1A2    40-16O2  .     .  . 
PN(*)  =  j-   -^—  <J>   +  [^r g ]*   +  § (P"PS)4> 

+  h  30z8al  _       ,  25^7ai  (3.2.3.9) 

5a  s     b 
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At  4>  =  0 ,  we  have; 

ni  =  0     and 

nQ  =  -1 
Therefore  a  necessary  condition  for  nfl  to  be  admissible 
is  that  there  be  a  minimum  at  <j>  =  0 ,  or 

Or,  from  (3.2.3.8),  (3.2.3.9): 

'  30-8a2    ,     .  25-7a2  ^  A 

3h  -j^z-  -  (p-ps)  — 5—  >  0 

Solving  for  p-p  ,  we  obtain  approximately,  with  ah    <<    1: 

^  1 .  2h  ,,  ,  a2, 
P-PS  ±  I?--    (1  +  75} 

Since  p  is  monotonically  decreasing  with  x,  this  condi- 
tion is  satisfied  at  i  >  0  if  it  is  at  i  =  0  or: 

p  -p   <  i^  (1  +  ^)  (3.2.3.10) 

*o  rs  —  a        75 

If  the  radius  B  is  used  as  reference  length  and  if 
a2  <<  1,  then  we  find  again  a  condition  for  static  admis- 
sibility for  the  low  pressure  case  of  shallow  shells  . 

Moreover,  for  p-p   >  0,  it  can  be  proved  that  for  p  -p 
satisfying  (3.2.3.10)  the  coefficients  of  <f) 3  ,  <f>2 ,  <J>  and  the 
constant  term  in  PN(<f>)  (3.2.3.9)  are  all  positive.   There- 
fore PN(4>)  is  positive  for  p-p   >  0. 

For  p-p   <  0 ,  it  can  be  verified  numerically  that  for 

p   -p      satisfying    (3.2.3.10)    and  with   a    <    tt/6    (we    took    tt/6  , 
co   ^s  — ■ 
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since  we  must  have  a1*  <<  l),  pn  (<J>)  is  still  positive. 


Therefore  nQ  increases  monotonically  with  § ,    and  for 
nQ  to  be  admissible,  it  is  necessary  and  sufficient  that  at 
(J)  =  a,  we  have: 

nQ  <  0    ,  or: 

3h(l  +  ^-)  +  -y-^a2(|  +  ^-)  <  1      (3.2.3.11) 

With  p  -p   limited  by  (3.2.3.10)  and  with  h  small  for 
thin  shell,  condition  (3.2.3.11)  is  always  satisfied  and 

therefore  n   is  admissible. 

6 

ii)  m:   the  conditions  for  admissibility  of  m   are: 

0  <  mi  <  1 
-   (J)  - 

From  the  expression  of  m   in  (3.2.3.2),  we  have: 

m*  =  -<j>  x  PMU)  (3.2.3.12) 


with : 


5(p'Ps)     ■    .     rjL6_        !7(P-Ps) 
12ha      ^  L15a2  45h 


m,,a  S    3     r  j-g      X  /  IK  FS  t  ,  ? 


p-p   _  0  -2     ,.  o  2    P  ps  30-14a2 
,  _  ^s  5-2a2     3Q-8a2 

lOh     a   *     15a2     6h     15 

* 

(3.2.3.13) 

At  <j)  =  0 ,  we  have: 

m'  =0    and   m  =  1 

Therefore  a  necessary  condition  for  m   to  be  admissible 

<P 

is    that   there  be   a   maximum  at    $   =    0   or: 
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4>   <J>       - 


From    (3.2.3.12),    v/e   have: 


2  ->  a     o  „,  2 


p-p      30-14az         30-8a 

(m"    )    =   ^ <    0 

9cf>=o       6h  15  15a2 

which   yields,    approximately,    with    a4    <<    1: 

^    6h    ,,     ,    a2N 

p-p      <    — t    (1    +   -e~) 
^    *s    —  a  5 

This  condition  will  be  satisfied  for  t  >  0  if  we  have: 

P-p   <  ^  (1  +  —■)  (3.2.3.14) 

ro  ^s  —  a        5 

Comparing  (3.2.3.14)  with  (3.2.3.10),  we  see  that 
(3.2.3.14)  is  satisfied  if  (3.2.3.10)  is. 

Since  m,  must  be  positive  and  since  m,  =  0  at  cf)  =  a, 
another  necessary  condition  is  that: 

m*(a)  <  0 


which  yields : 


P  Psn  _  a2   ,  30  +  8a2 
~6h~(1    30}  +   15a'   -  ° 

Since  p  decreases  with  x,  this  inequality  is  satisfied 
for  t  £  i_  if  it  is  at  t  =  Tf  or: 

6h 
For  p   satisfying  (3.2.3.10),  it  has  been  verified 
numerically  that  this  condition  is  satisfied.   However, 
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(3.2.3.14)  and  (3.2.3.15)  are  only  necessary  conditions. 
From  the  expression  of  m'  in  (3.2.3.12),  we  see  that  m'  =  0 
for  cj)  =  0  and  for 

PM(cf>)  =  0 

where  PM(cf>)  is  defined  in  (3.2.3.13).   Since  PM(<j>)  =  0  may 
have  3  roots  and  if  none  or  2  of  them  are  in  the  interval 
(0/00  ,  m  may  still  be  positive  in  this  interval.   A 
numerical  approach  is  necessary  to  find  the  variations  of 
m,  in  the  interval  (0,a) .   This  has  not  been  carried  out, 
since  it  has  been  done  in  [14]  for  the  general  case. 

It  is  of  some  interest  to  note  that  if  the  applied 
load  is  a  rectangular  pulse,  we  have: 

p  =  p   for  0  <_  t  _<  1 

and      p  =  0  for  1    t  <_   i- 

and  for  this  load,  condition  (3.2.3.15)  becomes: 

.  Ps  (1  .  ^  ,  30+8a2 

6h  (1    30}  +   15^    -  ° 

with  p   from  (3.2.3.1),  this  condition  becomes,  with 
^s 

a1*  <<  1,  approximately: 

a2  (1  -  ^j-)  <  3h  (3.2.3.16) 

With  a2  <  1,  this  inequality  will  be  satisfied  for 
a2  <_  3h,  or  with  h<<l,  a  will  be  small.   Then  if  B  is  the 
base  radius  of  the  shell,  we  have,  approximately:  a  -  B/R. 
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Then,    we   must  have: 


~    <    3    x    2H 
R      -  4R 


B  3    2H 

R±4lT 

For  thin  shell,  2H/B  is  small,  'and  therefore  this 
inequality  can  be  satisfied  only  by  a  very  shallov/  shell 

We  can  also  write  this  equality  in  the  form: 

B2  <  j  x  2H  x  R 

We  have: 

B2  =  Z(2R-Z) 

Or,  since  the  shell  is  shallow, 

B2  -  2RZ. 

Then  condition  (3.2.3.16)  is  equivalent  to: 

Z  <  -  x  2H 

—  o 

or  the  height  of  the  shell  must  be  smaller  than  3/8  its 
thickness.   This  result  has  previously  been  found  in  the 
case  of  shallow  shell. 
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(a)  Stress  Distribution 


W0'vv0 


I    V     I    V 


2Z/R  w0  2Z/R  w< 


<P 


(b)  Velocity  and  Displacement  Distribution 


Stress  and  Velocity ,    Displacement  Distributions 
Deep  Shell  -  Two-Moment  Limited  Interaction  Yield  Surface 

Fig.  21 
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3 . 3  Dynamic  Plastic  Response  of  Simply  Supported 

Spherical  Shells  made  of  Rigid-Perfectly  Plastic 
Material  that  Obeys  the  Uncoupled  Square  Yield  Surface 

3.3.1  Static  Collapse  Pressures 

The  yield  regime  is  4-5  of  Figs.  (5a, b)  for  both 
simply  supported  and  clamped  edge. 

In  the  case  of  simply  supported  edge,  the  collapse 

pressure  may  be  shown  to  be  the  same  as  (3.2.1)  and  is 

given  by: 

o  ,  2h  sin  g , .,  _  ,  ,  . 

p   =  2  +  ; — ; r (3.3.1.1) 

^s        ,    1  +  sin  a 

log  -  sin  a 

3    cos  a 

In  the  case  of  clamped  edge,  we  still  have  [18]: 

.         p-2     ,      1         ,         1    +   sin    <j>      ,  , 
m.    -    1   -    tr— -    [—. r   log r—^  -1] 

4>  2h        sin    <f>        ^        cos    (J) 

At  it  =  a,  m  =  -1  and  we  find: 
4> 

4h  sin  a  /-,  -.  n  o\ 

p    =  2  +  r- r ■• (3.3.1.2 

^sc        t    1  +  sin  a 

log  ■ sin  a 

3    cos  a 

3.3.2  Dynamic  Response  of  Simply  Supported 

Spherical  Shells 

•- 

The  yield  regime,  for  the  low  pressure  range,  is  still 
4-5  (Figs.  5a, b) .   Then  we  will  obtain  the  same  equations 
and  the  same  boundary  and  initial  conditions  as  in  3.2.2. 
Therefore  equations  (3. 2. 2.1) -(3. 2. 2. 7)  still  apply.   The 
range  of  pressure  for  which  this  solution  applies  is  given 
by  (3.2.2.9) 
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The  solution  obtained  by  limited  series  expansion  in 
( 3  .  2 . 3 . 1)  - (3 . 2 . 3 . 6  )  is  still  valid  in  the  same  range  of 
pressure  given  by  (3.2.3.10). 

Condition  (3.2.3.11)  must  be  replaced  by: 

3h(l  +  nr4  +  -^-a2(T  +  ^-)  <  2       (3.3.2.1) 
z>  z  6  Zv        — 

which  expresses  that  at  <j>  =  a,  n_  <  1. 

o  — 

f 

Since  m,  can  now  be  negative,  condition  (3.2.3.15)  is 
now  not  necessary  and  is  replaced  by  the  one  which  expresses 
that  the  minimum  of  m ±   be  larger  than  -1.   This  problem  must 
be  solved  numerically  and  is  not  carried  out  here,  since  we 
know  that  in  the  range  of  pressure  determined  by  (3.2.3.10), 
the  solution  is  an  exact  one  for  the  more  restrictive  two- 
moment  limited  interaction  yield  surface. 
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3 . 4   Dynamic  Plastic  Response  of  Simply  Supported  Spherical 
Shells  Made  of  Rigid  Perfectly  Plastic  Material  that 
Obeys  the  Uncoupled  Diamond  Yield  Surface 

3.4.1  Static  Collapse  Pressures 

A.  Simply  Supported  Edge 

As  in  the  case  of  shallow  shell,  the  yield  regime  is 
3-5  of  Figs.  (6a, b) .   From  table  2.1.3.3,  we  have  the  fol- 
lowing relations: 

nQ  +  n ,  =  -1  (3.4.1.1) 

e    9 

mQ  +  mA  =  1  (3.4.1.2) 

Together  with  the  equilibrium  equations  (3.1.2.1)- 
(3.1.2.3),  in  which  the  inertia  forces  are  neglected,  we 
have  a  system  of  five  equations  for  five  unknown  generalized 
stresses . 

From  equation  (3.1.2.3)  and  relation  (3.4.1.1),  we  have 

(s  sin  <j))  '  =  -  (p-1)  sin  9 

Integrating  between   0    and    9,   we   obtain: 

s    sin    9   =   "     (p-D  (1  "    cos    9)  (3.4.1.3) 

From  equation  (3.1.2.2)  and  relation  (3.4.1.1),  we  have 

n!  sin  d>  +  2n,  cos  9  =  -  cos  9  +  s  sin  9 
9  <P 

Riltiplying  both  sides  by  sin  9,  we  obtain,  with 
s  sin  9  from  (3.4.1.3): 

^-(nAsin2o)  =  -  sin  9  cos  9  -  (p-1)  (sin  9  -  sin  9  cos  9) 

d9   9 
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Integrating  between  0  and  cf>  and  simplifying  by 


sin2<}>,  we  obtain: 

1    ,   n  <  rl-cos6    1 , 

4>    2    »f   '  lsin  (J>     2 

After  some  reduction,  this  equation  becomes: 

n   =  -  \   -  H=l  ^  7  CQS  t  (3.4.1.4) 

cf>      2     2   1  +  cos  <J) 

Then  from  relation  (3.4.1.1): 

n   =  -  ^  +  P^-  ^  7  CQS  t  (3.4.1.5) 

0      2     2   1+  cos  § 

From  (3.1.2.1)  and  (3.4.1.2),  we  have: 

h  [m!  sin  <b    +  2m,  cos  6]    =   h   cos  d>  +  s  sin  <t> 

Multiplying  both  sides  by  sin  <J>  and  with  s  sin  <j)  from 
(3.4.1.3),  we  have: 

h  -r—  (m,  sin2  <±>)  =  h  sin  <b    cos  <b    -    (p-1)  (sin  i>    -    sin  d>  cos*) 

dcp    <p 

Integrating  between  0  and  <£  and  simplifying  by  sin2cf), 
we  obtain,  after  some  reductions: 

1  p-1      1      -      COS      (f>  1-3      A      1       c\ 

m     =   r  -    ^t-—  tj — ■ £  (3.4.1.6) 

<j>         2         2h      1    +   cos    <j) 

Then    from    (3.4.1.2),    we   have: 

1         p-1    1    -    cos    <f>  ,-    .    ,    -v 

nin   =    o-  +   ?nr—  i — t r  (3.4.1.7) 

6         2         2h      1    +   cos    (J) 

At    <t>    =    a,    we   have   mx    =    0.       Thus,    we   derive: 

p   =   p      =    1    +   h    J-+COS    a  (3.4.1.8a) 

r        ^s  1-cos    a 

p      =    1    +   h    cot2    £  (3.4.1.8b) 

^s  2 
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If  the  base  radius  B  is  taken  as  the  reference  length 

and  if  a2  is  neglected  with  respect  to  1,  it  can  be  shown 
that  (3.4.1.8a)  reduces  to  the  expression     of  the  shallow 
shell  case.   (2.4.1.8) 

With  the  expression  (3.4.1.8a)  for  p,  equations 
(3.4.1.4)-(3.4.1.7)  become: 

n^  =  -  |  -h  F(<j>)  (3.4.1.9) 

r 

n6  =  ~  2  +h  F(<^  (3.4.1.10) 

m.  =  j   -  F(<j>)  (3.4.1.11) 

m6  =  \   +  F((t>)  •  (3.4.1.12) 

where 

„/,»    1  1+cos  a    1-cos  A        .  _  .  ,  . _  , 

F(4>)  =  T  -T x  — x.        (3.4.1.13a) 

2  1-cos  a    1+cos  (J) 

1  tan2  I 

F(4>)  =  y  =-  (3.4.1.13b) 

tan2  2 

From  (3.4.1.9)-(3.4.1.12)  and  from  the  fact  that  h  is 

small  compared  to  1,  we  can  see  that  the  necessary  and 

sufficient  condition  for  static  admissibility  is,  for  yield 

regime  3-5:    -^  , 

-  2"!  F(<j>)  <_  2    for    °  1*1  a 

From  (3.4.1.13b),  we  can  see  that  F(<j>)  increases  from 
0  to  1/2  as  <J>  increases  from  0  to  a.   Therefore  the  solution 
is  statically  admissible. 
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The  flow  rules  associated  v/ith  regime  3-5  are,  from 
table  2.1.3.3: 

eQ  -  e^  =  0  (3.4.1.14) 

and         k9  -  k   =  0  (3.4.1.15) 

From  (3.1.1.1)  and  (3.1.1.3),  equation  (3.4.1.14) 
yields : 

v  =  A  sin  <f>  (3.4  .1.16) 

At  (J)  =  a,  we  have  v  =  0.   Thus: 

A  sin  a  =  0,  or  since  sin  a  ^  0: 

A  =  0 
and  v  E  0  (3.4.1.17) 

From  (3.1.1.2),  (3.1.1.4)  and  with  (3.4.1.16),  equation 
(3.4.1.15)  yields: 

w'  =  B  sin  <J> 

Integrating,  we  obtain: 

w  =  -  B  cos  <J>  +  C  (3.4.1.18) 

Using  the  boundary  condition  at  $   =   a: 

w(a)  =  0, 
we  obtain: 

w  =  B(cos  a  -  cos  <j>) 

Let    w   =  -B (1  -  cos  a) ,  we  have  then: 

COS  (J)  -  cos  a  /  i     a     i      i  a\ 

w  =  w   — ^ — (3.4.1.19) 

o    1  -  cos  a 
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The  condition  for  kinematic  admissibility  are: 

■ 

9     6  —  9     0  — 

From  (3.1.1.1)  and  with  v  and  w  from  (3.4.1.17)  and 
(3. 4. 1 .19) ,  we  have: 

•  •  cos    <t>    -    cos    a 

e=ec    =   -w=-w  — ; — * 

<j>  6  o      1    -    cos    a 

(0    <    9    <    a) 

which  is  negative  since  w   >  0  and  <b    <    a. 

<  o         r  — 

From  (3.1.1.2)  and  with  v  and  w  from  (3.4.1.17)  and 

(3.4.1.19)  ,  we  have: 


k  ,  =  k „  =  hw 


cos  9 


"9     6      o  1  -  cos  a 

(0  <_   9  <  a) 

With  w   >  0 ,  kQ  will  be  positive  if  a  <  tt/2  . 

O  0  — 

Therefore  the  solution  obtained  is  an  exact  one  for 
a  £  tt/2  and  the  static  collapse  pressure  is  given  by 
(3.4.1.8a)  or  (3.4.1.8b) . 

At  9  =  0/  w1  =  0  and  there  is  no  singularity  at  the 
apex  of  the  shell. 

B. Clamped  Edge 
1 .  Solution 

As  in  the  case  of  shallow  shells,  we  would  expect  a 
hinge  at  the  clamped . edge ,  and  the  yield  regimes  are 
(Figs.  6a, b) :      0  <  9  £  3:   regime  3-5 

3  <  9  <  a:   regime  3-8 
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a)  0  <_  <J)  <_  3 :  regime  3-5 

In  this  interval,  the  5  equations  to  determine  the 
five  generalized  stresses  are  still  made  of  (3.4.1.1), 
(3.4.1.2)  and  (3.1.2.1) -(3.1.2.3)  where  the  inertia  forces 
are  neglected.   But  we  cannot  use  the  boundary  condition  at 
<J>  =  a  in  this  case.   Therefore  equations  (3.  4  . 1 .  3)  -  (  3  .  4  . 1 .  7) 
still  remain  valid. 

The  flow  rules  remain  the  same,  and  without  using  the 
boundary  conditions  at  <f>  =  a ,  the  expressions  for  the 
velocities  are  (3.4.1.16)  and  (3.4.1.18). 

b)  3  £_  4>  £  a:  regime  3-8 

From  table  2.1.3.3,  we  have  the  following  relations  for 


regime  3-8: 


nQ  +  n,  =  -1  (3.4.1.20) 


which  is  the  same  as  (3.4.1.1)  and 

mQ  -  m ,  =  1  (3.4.1. 21) 

6     <p 

With  (3.4.1.20)  which  is  the  same  as  (3.4.1.1),  the 
equation  to  determine  s  sin  cf>  is  the  same  as  in  the  simply 
supported  case  and  since  s  sin  (j)  must  be  continuous  across 
the  boundary  (J)  =  3  ,  the  expression  for  s  sin  <f>  is  the  same 
as  (3.4.1.3) 

Similarly,  we  obtain  the  same  expressions  for  n,  and 


9 


nQ  as  in  (3.4.1.4)  and  (3.4.1.5). 
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To  determine  m   and  mfi ,  we  have  (3.1.2.1)  and 

(3.4.1.21) ,  which  give: 

,    cos  <f)    Is  sin  <b 

Yt\        =  —  -|-  —  '— 

(J)    sin  4>    h   sin  § 
With  s  sin  $    from  (3.4.1.3),  we  have: 

,  _  COS  (j)  _  p-1 ,   1       COS  (j), 

<$>        sin    <}>  h      sin    cj)        sin   <p 

Integrating  from  $  to  <J> ,  with  m,  (3)  =0,  since  m, 
must  be  continuous  at  <J>  =  $  /  we  obtain: 

(i     ,  P~l\  n    sin  <j>   P~l/i    1+cos  3    t    1+cos  0. 

m,    =    (1    +   £1r— -      log   — ~r  -   ^r— -(log   ^ 5-  -    log    t ~) 

(j)  h  ^    sm    3        2h  ^    1-cos    3  1-cos    cfr 

(3.4.1.22) 

Then: 


m, 


,  ,-,.    p-1, -,      sm    <£        P~1/t       1+cos    3        •,       1+cos    4>    , 

=  1  +  (1+  ~~ )  log— i -  ^7— -(log^ 5-  -  log^j ±  ) 

h    ^sm  3    2h    ^1-cos  3     ^1-cos  $ 

(3.4.1.2  3) 

The  flow  rules  for  regime  3-8  are,  from  table  2.1.3.3: 

eQ  =  eA  (3.4.1.24) 

-k,  =  kA  (3.4.1.25) 

From  (3.1.1.1)  and  (3.1.1.3)  and  with  (3.4.1.24),  we 
have: 

v  =  D  sin  cj) 

Using  the  boundary  condition  at  <j>  =  a,  we  have: 

v  =  D  sin  a  =  0   ,   and  since  sin  a  ^   0, 
we  must  have:  ~    0 

thus       v  =  0      (3<4><ct) 
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But  v  must  be  continuous  at  <|>  =  8,  and  from 
(3.4.1.16),  we  have: 

A  sin  3=0 

Since  sin  3  ^  0 ,  we  have: 

A  =  0 
Thus 

v  E  0    (0  £  <j>  <  a)  (3.4.1.26) 

•  From  (3.1.1.2),  (3.1.1.4)  and  with  (3.4.1.25), 
(3.4.1.26),  we  have, 


w'  = 


sin  (J) 
Integrating  from  <}>  to  a,  with  w(a)  ='  0,  we  have: 

E  r    -i       1  +  cos  a    ,   1  +  cos  6  ,    ,  _  .  ,  „_> 

w  =  tt  [  log^ -  log^ 1  ]    (3.4.1.27) 

2      31  -  cos  a      1  -  cos  d> 


c)  Boundary  Matching 

At  a  /  we  have,  from  (3.4.1.27): 

w'  =  -r2—  ^  0 

sin  a 

The  slope  w'  will  be  discontinuous  at  <j>  =  a.   This  is 
possible  if  at  <J>  =  at    we  have: 

m^  =  -1 

With  this  condition  and  from  (3.4.1.22),  we  derive: 

h[1  +  iog  sin^     (3.4.1.28) 
.  ,  ia  sin  g-« 

P  =  Ps  =  1  +  TZ l  +  COS  o 


■=-[log  ^ ~  -  ,    1+cos  an    n    sin  a 

2        ^    1-cos  8    log  t — ]  -  log  —. £ 

^  1-cos  a        sin  8 
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At  <J)  =  3,  m  must  be  continuous.   Since  at  cf>  =  3, 

the  yield  regime  changes  from  5  to  8,  this  is  possible  if  we 

—        +  . 

have:   m,(3  )  =  m,(.0  )  =0.   Also  w  must  be  continuous  and 
9         9 

since  |m  (0)   ^  1,  w1  must  be  continuous  as  well. 

The  continuity  of  s  and  n,  is  not  in  question  since 

9 

they  are  expressed  as  continuous  function  of  cj>  in  the 
interval  (0,a) .   The  continuity  of  v  has  been  used  to  find 
that  v  e  0  throughout  the  shell. 

From  w' ]   =  0,  we  have,  with  (3.4.1.18)  and  (3.4.1.27) : 

3 

E  =  B  sin2  3  (3.4.1.29) 

From  w]   =  0,  we  have,  with  (3.4.1.18),  (3.4.1.27)  and 

p 

(3.4.1.29) : 

«  .  1  »  *•  2  «  n    1+  cos  a    t    1  +  cos  8i 

C  =  B  cos  B  +  ?  B  Sin   *  [1°g  1  -  cos  a  "  log  1  -  cos  g] 

(3.4.1.30) 
With  this  result,  (3.4.1.18)  becomes: 


w  =  B  cos  3  -  B  cos  cj) 

1  „   •  ?  «  n    1  +  cos  a    t    1  +  cos  3, 
+  j   B  sin*  e  [log  1   .  CQS  a  -  log  !  _  cos  g] 


At  <j)  =  0 ,  we  have : 


w(<}>=0)  =  w   =  B  cos  3  -  B 


c 


1  +  cos  a    i    1  +  cos  6 


±    „    .   ,   .   n     -L  -i-  COS  a     i  -L  f  cos  p, 

+  »  B  sm2  3  [log  * —  -  log  * ^-J 

2        p    3  1  -  cos  a       1  -  cos  3J 
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or: 

C3.4.1.31) 

B    _    _ o 

_        ^      .     2  l   +   cos    B        7~      I    +   cos    oT" 

1   -   cos    3  +   2   Sln      6   Hog   j,   .   cos    g  -   log   x   ^  cos    %3 

With   this    expression   of   B,     (3.4.1.18)    becomes: 

/  ,  .1     .    1       .     2    fl  ri       1  +  cos    3         i       1  +  cos    a-, 

(cos    fcos    3 )    +   t  smz    3  [log^ %  -   log^ -] 

-!         *  2  ^1-cos    6  ^1-cos    a 

O    -.  D     ,     1        .      2nn  1  +  cos     3  t  1  +  cos     an 

1   -   cos    8   +   rr  smz3   log   ■= ~  -   log  t= -] 

2  3    1-cos    3  1-cos    a 

(0    <    <f>    <    3)  (3.4.1.32) 

With   E    from    (3.4.1.29)    and   3    from    (3.4.1.31),    equation 
(3.4.1.27)    becomes: 

1  .       2      o       n  1     +     COS      d>  ,  1     +     COS     CU 

■=-  sin      8     [log   -z ~  -    log   -^ J 

2  ^    1    -    cos    d>  3    1   -    cos    a 

w  =  w 


O,                      o     .     1        .     2  o  n           1    +    cos     3  t           1    +    cos    an 

1   -    cos    3    +    ~-  smz  3  [log   -= £  -    log   ^ J 

2           ^  1  -  cos  3  1  -  cos  a 

($  <  $  <  a)  (3.4.1.33) 


It  can  be  verified  that  with  (3.4.1.32)  and  (3.4.1.33), 
w  and  w1  are  continuous  at  <j>  =  8 . 

From  m,]o  =  0,  we  have  m,.(8  )  =  m,  (8  )  =  0,  or  with 
(3.4.1.6),  we  derive: 

-i     ,  i_  1  +  cos  8        /-,  a    i    -»-j-\ 

p  =  p  =  1  +  h  ^ 5-         (3.4.1.33a) 

^   ^s         1  -  cos  8 

or  p   =  1  +  h  cot2  8/2         (3.4.1.33b) 

By  comparing  (3.4.1.33a)  above  with  (3.4.1.28),  we  have 
a  relation  to  determine  3  when  cc  is  known  and  which  can  be 
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written  as,  after  some  reductions: 

G(p)  =  75-  (1  +  cos  3)  (log  t o  _  log  ■* ) 

2  r  1  -  cos  3     *  1  -  cos  a 

-  (1  -  cos  3)  -  2  log  5i^L_°L  =  0 

J  sin  3 

(3.4.1.34) 

It  can  be  shown  that: 

G(0)  =  lim  [G(3)] 

•3^0 

G(0)  =  2  log —  >  0,  since  cos2  f  <  1 

cos*  f  2     • 

and  that: 

G(a)  =  -(1  -  cos  a)  <  0 

Moreover  the  function  G(3)  is  continuous  in  the  inter- 
val (0,a)  and  that  its  derivative  is: 

„,   /DX       1       o     11  1  +  cos  3    i     1  +  cos  ou 

G1  (6)  =  -  77  sin  3  (log  ^ £  -  log  ^ ) 

2  ^  1  -  cos  3     3  1  -  cos  a 

1  -  cos  3     •   0 

-  i -r— -  -  sin  3 

sin  3 

which  is  negative. 

Thus  G(3)  is  continuous,  decreasing  monotonically  in 
the  interval  CO, a)  and  G(0)  *   G(a)  <  0. 

Therefore  there  exists  a  unique  value  3  such  that: 

G(3)  =  0 
For  instance,  with  a  =  90°,  it  can  be  shown  that  3  -  60°. 
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With  p   from  (3.4.1.33a) ,    equations  (3.4.1.4)- 
(3.4.1.7)  become: 


n  ,  =  - 


<J> 


-  h  F(<j>) 


(0  <  <f)  <  a)     (3.4.1.35) 


ne  = 


j  +  h   PC*) 


(.0  <  (j>  <  a)     (3.4.1.36) 


m^  =  \-   F(<j,) 


(0  <  cj,  £  3)     (3.4.1.37) 


0  =  2  +  F(^ 


m„  = 


(0  <  <j>  £  6)     (3.4.1.38) 


where 


F(<j>) 


1  1  +  cos  B    1  -  cos  $ 

2  1  -  cos  3  x  1  +  cos  <j> 


(3.4.1.39) 


and  (3.4.1.22)  becomes: 


m 


<$> 


,    sin  6.1+  cos  g  r  1/n    1  +  cos  6 
lo9  SIEb  +  1  -  cos  b  [  2(1°9  1  -  cos  I 


,    1  +  cos  8\  ,  i    sin  (t> 

~  lQg  i  _  ^^o  °)  +  log  ^~   ■?  ] 


♦ 


1  -  cos 


sin  g 


(3  <  4>  <  a) 


(3.4.1.40) 


Then: 


,   ,   ,     Sin  <b      ,     1  +  COS  ft   r  1  /n 

m„  =  1  +  log  —^ ^  +  t £  [  tt  (log 

9         3  sin  3    1  -  cos  3    2     a 


1  +  cos  ft 
1  -  cos  <j) 


,    1  +  cos  3  s^  .    sin  d>  , 

-  log  i =■)+  log  —. £  ] 

^  1  -  cos  8       sin  6 


(8    *  <  a) 


(3.4.1.41) 


The  velocities  are  given  by  (3.4.1.26),  (3.4.1.32) 
and  (3.4.1.33) . 
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2 .  Kinematic  Admissibility 

a)  °  1   *  1  S:  regime  3-5  (Figs.  6a, b) 

The  conditions  for  kinematic  admissibility  in  this 

•        «  •  • 

interval  are:   e~  =  e^  <  0,  kQ  =  k,  >  0 

9    tp       6     (p 

*  • 

From  (3.1.1.1)  and  with  v  and  w  from  (3.4.1.26)  and 
(3.4.1.32),  we  have: 

v  V 

/       a  o\   .   1    •   2   n   n    1  +  COS   3     ,    1  +  COS  01, 

(cos  <p  -  cos  3)  +  ^r  smz  3  [log-= =■  -  log^ ] 

• 2   ^1  -  cos  3 1  -   cos  a 

O     ,  0   .   1    .   2  n      n    1  +  COS  3     ,    1  +  COS  01, 

1  -  cos  3  +  7r  sin   3  [log, 5-  -  log^ ] 

2  ^1  -  cos  3       1  ~  cos  a 

r,  •     o    ^  u  i    1  +  cos  3    ,    1  +  cos  a  .  _ 

Since  3  <  a,  we  have  log  ■= yr  -   log  ■= — - >  0, 

a  1  -  cos  3       1  -  cos  a 

-f-  cos  X 

the  function  log  ■; whose  derivative  is  -  2/sin  x 

J  1  -  cos  x 

being  monotonically  decreasing  for  0  _<  x  <_   tt  . 

Therefore  en  is  negative  since  w   >  0. 
o  o 

From  (3.1.1.2),  and  with  (3.4.1.26)  and  (3.4.1.32), 

we  have: 

hw   cos  6 
k  =  2 ! 

6    ,         „  ,  1   ■  2  o  n     1  +  cos  3    ,     1  +  COS  a, 

1  -  cos  3  +  tt  sm^  3  [log  ^ £•  -  log  * J 

p        2  M    k      *    1   -   cos    3  a    1   -   cos    a 

(0   <   cp   <   3) 
k      is    positive    for    ;p    <    3    <_  tt/2. 

b)  3    £  <P   £  a:    regime    3-8    (Figs.    6a, b) 

The  conditions  for  kinematic  admissibility  in  this 


213 


interval  are:   e^  =  e.  <  0,  kQ  =  -k,  >  0 

With  (3.4.1.26)  and  (3.4.1.33),  we  have: 

1  ►   2  n      n    1  +  COS  6     ,     1  +  COS  CI, 

«•  sin'  B  [log, j-   -  log  ^ ] 

2  ■  31  -  cos  $       1  "*  cos  a 

0        O,  0      t      1  .      2      n       n  1  +  COS   3     ,      1  +  COS  a, 

1  -  cos  3  +  7T-  sin   3  [log  -^ £•  -  log  ^ ] 

2  ^  1  -  cos  3       1  -  cos  a 

(3  <  <j)  <  a) 

which  is  negative  for  $  <_  <j)  <_  a. 

•  .  Similarly: 

h  w   sin2  $  cos  <b 
£  =  2 : 

0    n        o     ,  1   •  2  o  n    1  +  cos  3    t    1  +  cos  a, 

1  -  cos  3  +  tt  sin*  3  [log  ■; 5-  -  log  ^ ] 

2  *  1  -  cos  3       1  -  cos  a 

(3  <  <J>  <  a) 

is  positive  for  $<_§<_   a    <_   tt/2. 

Thus  the  solution  is  kinematically  admissible  for 
a  _<  it/2  . 

3.  Static  Admissibility 

The  conditions  for  static  admissibility  are: 

-1    n   <  0,  (0    a  <  a)  (.3.4.1.42) 

-1  <  n   <  0,  (0  <_  4,  £  a)  (3.4.1.43) 

0  1  me  1  !'  (0  £  A  £  a)  (3.4.1.44) 

0  <  ia   <  1,  (0  <_  a  <_  3)  (3.4.1.45) 

_1  1  mA  1  °'  (3  <_  <J>  <.  a)  (3.4.1.46) 
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From  (3.4.1.39),  we  have: 

F«D)  =  \   cot2  |  tan2  £ 

From  this    expression,    we   see   that   F  C 4> )    increases   with 
<j>    for    0    <_   <J>    <_  a   £  tt/2  ,    and 

F(B)    =  § 

and  the  maximum  of  F(iji)  is  at  (J)  =  a: 

F(a)  =  j  cotz  j  tan  j      (a  <  r) 

Therefore,  condition  (3.4.1.45)  is  satisfied.  Pbr  con- 
ditions (3.4.1.42),  (3.4.1.43)  to  be  satisfied,  we  must 
have: 

h  F(a)  5  «    or 
h  tan2  |  <  tan2  | 

Since  tan  a/2  and  tan  3/2  are  of  the  same  order,  and  h 
is  very  small  compared  to  1  for  thin  shell,  this  condition 
is  expected  to  be  satisfied,  and  therefore  n„  and  n,  are 
admissible. 

For  conditions  (3.4.1.46),  we  have,  from  (3.4.1.40): 

1  +  cos  $  -  2  cos  <f> 

m'  = <  0 

'  sin  cj) 

for  3  <  <j>  <  a 
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Thus,  m,    decreases  monotonically  from  0  to-1  as  <f> 
increases  from  3  to  a  and  is  therefore  admissible. 

The  admissibility  of  mfi  results  consequently. 

Therefore  the  solution  is  an  exact  one  for  the  yield 
surface  selected  and  the  static  collapse  pressure  of  the 
clamped  shell  is  given  by  (3 . 4 . 1. 33a,b)  or  (3.4.1.28). 

The  solution  is  valid  for  a  _<  tt/2  . 

If  the  base  radius  of  the  shell  is  taken  as  the  ref- 
erence length  in  the  non-dimensionalizing  procedure ,  it  can 
be  shown  that  with  a2  <<  1,  expression  (3.4.1.33a)  reduces 
to  the  shallow  shell  case.   (2.4.1.34) 

3.4.2  Dynamic  Response 

A.  If  the  peak  value  of  the  dynamic  pressure  is 
slightly  above  the  static  collapse  pressure,  the  yield 
regime  will  be  still  3-5  of  Figs.  (6a, b) .   The  flow  rules 
(3.4.1.14)  and  (3.4.1.15)  remain  valid,  the  boundary  condi- 
tions remain  the  same,  and  therefore  the  velocity  expres- 
sions (3.4.1.17)  and  (3.4.1.19)  remain  valid.   We  have  then: 

v  =  0  (0  <  <J>  <_   a)     (3.4.1.17) 

COS  (J)  -  cos  a  f  o     a     i     t  a\ 

w  =  w  — ; — - (3.4.1.19) 

o    1  -  cos  a 

(0  <  $>  <   a) 
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For  regime  3-5,  the  relations  (3.4.1.1)  and  (3.4.1.2) 
remain  valid.   With  (3.4.1.1),  (3.4.1.19)  and  (3.1.2.3), 
we  obtain: 

sin   <J>   cos    tj>   -   cos    a   sin   4> 

(s  sin  <£))  '  =  yw ~  (p~l)  sin  <f> 

1  -  cos  a 

Integrating  from  0  to  (f>,  we  obtain: 


YW 

( 

1  -  cos  a  l2 


i  1 

s  sin  (f>  =  ■= : —  [■=■  sin2  $    -   cos  a(l  -  cos  (f>)  ] 


-  (p-1)  (1  -  cos  <J))  (3.4.2.1) 

With  relation  (3.4.1.2),  and  equation  (3.1.2.1),  we 


have: 


h  [m '    sin    <}>   +    2m,    cos    <}>]    =   h   cos    <j)   +   s    sin   <$> 

Multiplying  both  sides  by  sin  <J) ,  and  with  s  sin  (J)  from 
(3.4.2.1),  we  obtain: 

d  2 

h   -TT-    (m,    sin      <j>)    =  h   cos    <j>   sin   <J> 

YWo  1 

+    t T7  sin      <}>    -   cos    a    (1    -    cos    cf>)    sin    d>] 

1  -  cos  a    2       T  y/     _  tj 


-  (p  -  1)  (1  -  cos  cf>)  sin  Y 

Integrating  from  0  to  cj>  and  simplifying  by  sin2  <J>,  we 
obtain,  after  some  reductions: 

tt 

m  =  k   +  L_2 x  3: r1  _  l+cos(f>  +  cos  2  6        cosan     ... 

mY    2    h(l-cosa)    l+cos6L2    6 1 (1-cos^  J 

p-1  l-COS(j) 

2h   l+cos4>  (3.4.2.2) 
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At  <}>  =-.01,  m,  =  0,  from  which  we  derive: 

3  ,     ,    ,  1  '+  cos  a. 

yw   =  7r(p  -  1  -  h  i ] 

1  o    2  ^         1  -  cos  a 

With  p   given  by  (3.4.1.8a)  ,  we  have: 

Ywo  -  |(p  -  ps).  (3.4.2.3) 

With  this  result,  equation  (3.4.2.1)  becomes,  after 

some  rearrangements: 

a         3   p  -  ps    ,,        ,.  rl  +  cos  cj)         , 

s  sin  $   =   «■  r^ — —  (1  -  cos  40  [ = -  cos  a] 

2  1  -  cos  a  '     l        2 

-  (p  -  1)  (1  -  cos  <j>)  . 

Using  again  p   from  (3. 4 . 1. 8a),  we  have: 

,        ,  1  +  cos  a 

1  =  p   -  h  * 

*s     1  -  cos  a 

From  this  result,  we  get: 

p   -   p      1    -    cos    <f> 

s    sin    <J>   =   - (1   +   2    cos    a   -    3   cos    <J0 

4  1   -   cos    a 

-  h    }   +   COS    a    (1    -    cos    <J>)  (3.4.2.4) 

1   -   cos   a 

Similarly,  equation  (3.4.2.2)  becomes,  after  some 

reductions : 

1    1  +  cos  a    1  -  cos  <b 
m  =  —  -  _ x  _ — . 2. 

cj)    2    1  -  cos  a    1  +  cos  $ 

P   ^s  1  -  cos  $        cos  (fr  -  cos  a 
.,    1  -  cos  a     1  +  cos  <j> 

(3.4.2.5) 
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With  v  =  0  and  using  relation  (3.4.1.1),  we  have,  from 
equation  (3.1.2.2); 

n!    sin    cp    +   2n,    cos    cp   =   -    cos    cp   +   s    sin   cp 

Multiplying  both  sides  by  sin  cp ,  and  with  s  sin  cp  from 
(3.4.2.4),  we  obtain: 

■rr(n  sin2  cf>)  =  -  sin  cp  cos  cp 
P~P   i 

r     eS     1  -  COS   d>   ,        .   ,   n  •  ->  \ 

-  — 7 ^ — *  (sin  cp  +  2  cos  a  sin  $  -  3  sin  cp  cos  cp) 

,  1  +  cos  a.  .    ,     -a      an 

_  h  -sin  9  -  sin  cp  cos  ©) 

1  -  cos  cr 

Integrating  from  0  to  <p,  and  simplifying  by  sin2  cp,  we 
obtain  after  some  reductions: 


1_        h  1  +  cos  a        1  -  cos  cp 
n(p     2    2  1  -  cos  a    1  +  cos  cp 

(3.4.2.6) 
p  *s  1  -  cos  cp  cos  cp  -  cos  a 


+ 


1  -  cos  a    1  +  cos  cp 


Comparing  (3.  4  .  2  .  6)  above  with  (3.4.2.5),  we  see  that 
we  can  write  these  expressions  in  the  following  terms: 

m,  =  j  -  F(cos  cp)  (3.4.2.7) 

n,  =  -  |-hF(cos  cp)  (3.4.2.8) 

with   F(cos    <J>)    now   defined   as: 

i    i  i  a       (3.4.2.9) 

^,  A\         11+    cos    a        1    -    cos    9 

F(cos    4>)    =   ^  1    -    cos    a    X   ~ T^s~T 

-    P~Ps    1    -   cos    <p        cos    cb    -    cos    a 
4h      1    -    cos    a  1    +   cos    cp 
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Then  with,  relations  (3.4.1.1)  and  (3.4.1.21,  v;e  obtain 

m6  =  2    +  F^cos  ^  (3.4.2.10) 

nQ  =  -  i  +  hF(cos  <J>)  (3.4.2.11) 
From  (3.4.2.3),  we  obtain: 

ywQ  =  |  [po(l-e~T)  -  PgT]  (3.4.2.12) 

With  this  result,  the  velocities  are  given  by 
(3.4.1.17)  and  (3.4.1.19) . 

Admissibility 

1 .  Kinematic 

From  the  solution  of  the  static  problem  section  3.4.1 
we  have  found  that  the  solution  is  kinematically  admissible 
for 

a  <_  tt/2       and 

w   >  0 
o  — 

With  w   from  (3.4.2.12)  ,  we  see  that  w  will  be  posi- 
o  o         ^ 

tive  for  0  _<  T  <_  T-,  where  T-  is  determined  by: 

p  (l-e"Tf)  -  p  i.  =   0  (3.4.2.13) 

^o  cs   £ 

m 

At  t  =  Tf,  w  =  0  and  the  motion  ceases. 

2.  Static 

For  regime  3-5,  Figs.  (6a, b) ,  the  conditions  for  static 
admissibility  are: 
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-1  1  n<j>  1  °    '    -1  1  n9  <  0 

0  <  m^  <  1    ,     0  <  m0  <  1 

From  the  expressions  of  m, ,  n,,  mQ ,  nn  in  C3 . 4.2.7- 

cp    cp   •  U     0 

(3.4.2.11)  and  since  h  is  small  compared  to  1,  we  see  that 
the  necessary  and  sufficient  condition  for  these  inequali- 
ties to  be  satisfied  is: 

-  |  1  F(cos  cp)  <_   |  (3.4.2.14) 

where  F(cos  cp)  has  been  defined  in  (3.4.2.9)  . 

It  can  be  shown  that: 

po 
if  P~PS  >  0,  or:   0  _<  x  <  log  —  =  t£, 

ps 
condition  (3.4.2.14)  will  be  satisfied  if: 

P  -p   <  4h  U  +  /l  +  cos_^_2       (3.4.2.15) 

ro  rs  -       1  -  cos  a 

if  p-p   <  0,  or:   To  <  x  <  T~, 
s  *  —   —  r 

condition  (3.4.2.14)  will  be  satisfied  if: 

Ps-P0^Tfi   4h_  (3.4.2.16) 

1-cos  a 

Therefore  the  solution  is  kinematically  admissible  if 
the  peak  value  p   of  the  dynamic  pressure  satisfies 
(3.4.2.15)  and  (3.4.2.16).   The  lesser  of  the  maximum 
values  of  p   obtained  from  (3.4.2.15)  and  (3.4.2.16)  will 
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give  the  upper  limit  p    of  the  peak  value  p  .   If  the 
shell  is  not  very  shallow   it  has  been  found  that  condition 
(3.4.2.16)  is  much  more  restrictive  than  (3.4.2.15).   Then 
the  value  p    can  be  obtained  from  the  system  made  of 
(3.4.2.13)  and  the  equality  (3.4.2.16): 


P.T.(l-e"Tf)  "  Pflf, 


(S) 


oL 


Pc   -   P~Te 


slf 


-Tf 


4h 


ol/ 


1  -  cos  a 


(3.4.2.13) 
(3.4.2.16) 


p   is  given  from  (3.4 .1 . 8a, b) . 


C.  Conclusion 

For  p   <  p   <  p  T 
^s  —  ^o  —  ^oL 

where  p  T  is  determined  by  the  system  (S)  above,  the 
oL 

solution  is  statically  and  kinematically  admissible. 

The  stresses  and  velocities  are  given  by  (3.4.2.7)- 
(3.4.2.12)  and  (3.4.1.17)  (3.4.1.19). 

The  final  displacement  distribution  is  obtained  by 
integrating  the  velocities  from  0  to  Tf: 


YV 


=  0 


y\t      =  yw 


cos  $    -  cos  a 
1  -  cos  g 


(3.4.2.17) 


where  yw   i-s  the  final  central  displacement  which  is: 


^o  =  I  [(?o-ps)Tf  -  I  psTf2] 


(3.4.2.18) 
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where  x   has  been  defined  in  (3.4.2.13)  and  vzhich  is  the 
instant  when  the  motion  ceases. 


The  energy  absorbed  is 


E 


abs 


Tf  radU 


P-3^    X     2TrR2     sin     <f>     d4     dt 

dt 


o    o 


or,  in  terms  of  non-dimensional  quantities 


P  =  No 


-£■  (U  )  =  R  ~    ,   dt  =  T  dT 
dt   n     T  o 

o 


x  r   a 
r  r  r 


E    '=  2ttR*N 
abs        o 


p  w  sin  cj)  d(j)  dx 


0     0 


with  w  from  (3.4.1.19),  we  obtain: 


3(1  -  cos  a)     r    p 


'abs 


2ttR2N 


°   (l-e"Tf)2 


4y 


-  poPs  [1  -  (1  +  Tf)e  Tf] 


(3.4.2.19) 
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(a)  Stress  Distribution 


W   W 


w0  w0 


(b)  Velocity  and  Displacement  Distribution 


Stress  and  Velocity,  Displacement  Distributions 
Deep  Shell  -  Uncoupled  Diamond  Yield  Surface 

Fig.  22 
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3. 5  Comparison  of  the  Results 

3.5.1  Two-Moment  Limited  Interaction  Yield  Surface 

From  the  results  presented  in  (3 .2 . 2 . 1) - C3 . 2 . 2 . 7)  we 
see  that  the  solution  obtained  is  rather  complicated/  even 
in  the  low  pressure  range  where  the  whole  shell  yield 
in  one  regime. 

The  limited  series  expansion  solution  (3.2.3.2)- 
(3.2.3.6)/  neglecting  terms  of  4th  order  and  higher,  could 
give  a  better  indication  on  the  upper  limit  of  the  peak 
value  of  the  dynamic  pressure.   Although  the  problem  of 
static  admissibility  has  to  resort  to  numerical  moiiod, 
this  solution  gives  an  indication  on  the  maximum  depth  of 
the  shell  when  the  dynamic  load  is  a  rectangular  pulse ,    in 
(3.2.3.16) . 

An  analysis  for  a  higher  range  of  pressure  was 
attempted/by  using  a  series  solution/  the  results  obtained 
become  too  complicated/  the  algebra  too  involved  and  no 
meaningful  conclusions  could  be  reached.   We  did  find,  how- 
ever, that  at  higher  pressure  range,  the  shell  would  yield 
in  at  least  3  regimes  like  the  medium  pressure  case  of 
shallow  shells.   The  solution  which  assumed  the  shell 
yielding  under  2  regimes  arrived  at  the  same  conclusion  as 
in  the  case  of  shallow  shells:   when  <£/a  reaches  a  value  of 
about  0.8,  e,  becomes  positive  and  the  solution  is  no  longer 
kinematically  admissible. 
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The  upper  limit  of  p   in  the  low  pressure  case 
(3.2.3.10)  is  comparable  to  that  of  the  shallow  shell, 
(2.2.2.1.21),  together  with  the  fact  that  the  shell  does  not 
yield  under  2  regimes  at  higher  pressure  and  other  similar- 
ities found  in  the  admissibility  considerations  suggest  that 
there  is  a  strong  analogy  in  the  solutions  of  deep  and 
shallow  shells,  and  that  any  further  development  of  the 
deep  spherical  shells  could  be  made  by  adopting  tentative 
solutions  which  are  constituted  of  the  same  yield  regimes 
as  in  the  shallow  shell  solutions.   Obviously  the  choice  of 
yield  regimes  does  not  solve  the  whole  problem  but  it  gives 
some  help  to  start  the  solution. 

3.5.2  Uncoupled  Diamond  Yield  Surface 

The  solution  obtained  (3.4.2.7) - (3.4.2 .12) f  (3.4.1.17), 
(3.4.1.19)  are  simple  enough  so  that  the  whole  problem: 
obtainment  of  a  solution  and  examination  of  the  admissi- 
bility of  this  solution,  can  be  solved  analytically  for 
shallow  shells  as  well  as  for  deep  shells,  the  generalized 
stresses  are  expressible  in  terms  of  a  single  function 
whose  variations  could  be  obtained  without  much  difficulty. 
The  membrane  stresses  are  small  compared  to  the  moment 
resultants,  and  it  appears  as  though  they  were  "trapped" 
within  face  3  (Figs.  6a, b) .   The  meridional  displacement 
is  zero,  the  normal  displacement  has  a  cosine  distribution, 
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the  maximum  being  at  the  apex  which  is  also  a  regular 
point  for  the  displacement  function  (no  discontinuity  in 
slope)  . 
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4.  CONCLUSIONS 

a 

By  using  the  two-moment  limited  interaction  yield  sur- 
face proposed  by  Hodge  [18]  and  the  shallow  shell  approxima- 
tions, we  have  obtained  the  solution  for  the  dynamic  response 
of  shallow  spherical  shells  for  medium  high  pressures  which 
satisfy  the  inequality  6h  <_  p  -p   £  Ah  where  X  depends  on  the 
ratio  r  =  depth/thickness  of  the  shell  (e.g.,  for  r  =  1, 
A  =?  19.1,  for  r  =  5,  A  =  13. 2\  .    We  have  seen  that  there  are 
three  stages  of  motion:   in  the  first  stage  of  motion 
(0  <_  x  <_  x  )  ,  the  shell  yields  under  4  regimes,  in  the 
second  stage  (x   <_  t  <_   x-,)  under  3  regimes  and  in  the  third 
stage  (x-.  <_   x  _<  xf)  under  1  regime.   The  solution  obtained 
is  rather  complicated.   The  restriction  on  the  upper  limit  of 
the  peak  value  of  the  dynamic  pressure  for  shells  whose  ratio 
depth/thickness  is  larger  than  3/8  arises  because  the  moment 
resultant  m  must  remain  positive  throughout  the  duration  of 
the  motion.   This  requirement  is  most  critical  at  the  instant 
when  the  shell  comes  to  rest. 

A  first  attempt  to  increase  the  upper  limit  on  pressure 
would  be  to  allow  m,  to  be  negative  at  some  instant  during 
the  third  stage  of  motion  (x-,  <_  x  <_  xf)  .   Then  from  this 
instant  the  shell  would  collapse  under  2  regimes:   probably 
5-7  and  5-3  and  the  subsequent  behavior  probably  wodd  not 
return  to  one  regime  again,  since  regime  5-3  would  most 
likely  be  spreading  towards  the  center  of  the  shell  with 
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time.   If  this  problem  can  be  solved  successfully,  the  in- 
crease of  this  upper  limit  would  not  be  likely  to  be 
important  since  sooner  or  later,  and  sooner  rather  than 
later,  nfl  would  become  smaller  than  -1  near  the  outer  edge. 
Then  at  least  another  regime  will  have  to  be  added  to  the 
collapse  pattern  of  the  shell,  so  that  from  this  instant, 
the  shell  would  collapse  under  3  regimes,  separated  by  2 
boundary  circles,  probably  shrinking  towards  the  center,  and 
catching  up  or  widening  the  gap  between  each  other.   Still 
this  upper  limit  of  the  peak  value  of  the  dynamic  pressure 
would  be  limited  by  the  fact  that  this  pattern  may  occur 
only  during  the  third  stage  of  motion  (t,  '<_  x  <_  Tf)  when  the 
shell  starts  to  collapse  in  one  regime. 

Thus  the  complete  solution  for  shallow  shells  of  prac- 
tical geometry  (ratio  depth/thickness  larger  than  3/8)  sub- 
jected to  any  magnitude  of  pressure  would  be  the  one  that 
starts  with  at  least  6  regimes  separated  by  5  boundary 
circles  all  moving  towards  the  center.   The  mathematics  would 
be  complicated. 

For  deeper  shells,  the  problem  is  still  more  involved 
and  only  a  solution  for  low  pressure  range  has  been  obtained. 
The  limited  series  expansion  of  this  solution  has  allowed  us 
to  gain  a  better  understanding  of  the  upper  limit  of  the 
peak  value  of  the  dynamic  pressure  and  to  draw  some  analo- 
gies between  solutions  for  deep  and  shallow  shells ,  and  thus 
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to  decide  on  the  direction  to  start  a  solution  for  higher 
pressure  range  if  one  has  the  desire. 

One  noteworthy  aspect  of  the  solution  for  the  shallow 
shell  according  to  the  two-moment  limited  interaction  yield 
surface  is  that  the  meridional  component  of  the  velocity 
is  of  the  order  of  0(Z/R)  of  its  normal  component  so  that  it 
cannot  be  neglected,  since  the  approximation  is  that  only 
(Z/R)2  is  negligible  with  respect  to  1.   Another  aspect 
concerns  the  variations  of  nfl ,  which  are  quite  small  so 
that  n„  remains  very  close  to  -1,  and  which  may  be  a  source 
of  trouble  if  one  desires  to  go  to  higher  pressures. 

With  the  uncoupled  diamond  yield  surface  proposed  by 
Jones,  we  have  seen  that  for  spherical  shells,  the  mer- 
idional component  of  the  velocity  is  zero,  and  nA  and  n, 
have  been  brought  within  a  narrow  interval  around  the  mid- 
point of  the  corresponding  yield  regime.   The  solutions 
obtained,  for  shallow  and  deep  shells,  are  quite  simple  and 
the  problem  of  admissibility,  which  is  usually  as  difficult 
as  obtaining  the  solution  itself   in  the  case  of  the  two- 
moment  limited  interaction  yield  surface,  can  be  examined 
without  much  difficulty.   It  is  unfortunate  that  attempts  to 
obtain  solutions  for  higher  pressures  did  not  succeed. 

We  should  note,  however,  that  the  uncoupled  diamond 
yield  surface  does  not  monopolize  in  denying  us  a  solution. 
In  the  limit  analysis  of  spherical  caps  with  the  two-moment 
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limited  interaction  yield  surface  [18] ,  the  cap  angle 
has  been  limited  to  a  value  smaller  than  90°;  otherwise 
the  value  of  n   at  a  would  become  positive.   We  have  tried 
to  extend  this  solution  to  higher  value  of  the  cap  angle 
by  assuming  the  following  regimes: 

For  0  <_  <j>  <_  3 :   regime  5-7  (Figs.  4a, b) 
For  3  £  <J>  £  a:   regime  6-7  (Figs.  4a, b) 

At  <J>  =  3  /  we  obtain: 

nQ(3~)  =  0     and 

nQ(3+)  =  0 

The  first  equality  comes  as  a  definition  of  the  angle  3 

and  the  second  as  a  consequence  of  the  continuity  of  n , . 

Thus  in  the  interval  (3/0t)  n„  should  have  a  minimum  at  3. 

o 

+  2 

We  have  found  that  at  d>  =  3  ,  n'  =  0  and  n"  =  -  — — 7-5-  <  0, 

r        9  9      sm23 

resulting  rather  in  a  maximum  at  4)  =  3  /  which  is  not  pos- 
sible. 

Other  combinations  made  of  regime  5-7,  6-7  and  6-3 
were  also  not  successful. 

The  common  factor  between  the  Hodge's  and  Jones'  yield 
surfaces  is  the  absence  of  interaction  between  moments  and 
membrane  stresses.   Perhaps  for  general  shells  made  of 
rigid-perfectly  plastic  material,  the  interaction  between 
moments  and  membrane  stresses  would  not  be  negligible  and 
more  sophisticated  yield  surfaces  should  be  used. 
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In  the  case  of  static  plasticity,  the  general  theorems 
allow  us  to  construct  bounds  on  the  collapse  load  obtained 
from  an  approximate  yield  surface.   In  dynamic  plasticity, 
no  such  general  theorems  exist,  although  Hodge  and  Paul  [13] 
gave  some  useful  hints  in  that  direction. 

From  this  study,  we  could  see  that  the  problem  of 
dynamic  plasticity  of  spherical  shells  loaded  symmetrically, 
even  with  the  use  of  approximate  yield  surfaces,  is  rather 
complicated,  and  a  complete  analytical  solution  for  a  wide 
range  of  pressures  is  not  likely  to  be  possible  in  the  near 
future,  if  at  all. 

It  might  be  mentioned  that  the  only  previous  studies  on 
the  rigid-plastic  behavior  of  shallow  shells  are  those  of 
Hodge  and  Lakshmikantham  [23]  who  obtained  lower  and  upper 
bounds  to  the  static  collapse  pressure  of  shallow  parabolic 
and  conical  caps  with  central  holes. 

It  is  hopeful  that  the  analytical  solutions  presented 
herein  for  the  dynamic  and  static  behavior  of  shells  would 
be  useful  in  checking  the  validity  and  accuracy  of  numerical 
programmes  and  to  assist  in  the  development  of  approximate 
methods  such  as  those  developed  in  [24] .   It  appears  that  a 
numerical  procedure  would  have  to  be  used  in  order  to  extend 
the  existing  solution  to  higher  pressures.   Then,  relatively 
more  complicated  yield  surfaces  can  be  used,  such  as  the  one 
proposed  by  W.  Fliigge  and  Tsuneyoshi  Nakamura  [22]  . 
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Thus,  it  is  believed  that  numerical  methods  and  more 
sophisticated  yield  surfaces  would  be  the  direction  for 
future  researches  on  dynamic  behavior  of  shells  of  revolu- 
tion . 
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G.4  -  Maximum  Central  Deflection  vs.  Pressure  Difference  p  -p  . 

o   s 
Uncoupled  Diamond  Yield  Surface,  (r-depth/thickness) 

Shallow  Shell. 
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G.5  -  Energy  Absorbed  vs.  Pressure  Difference  P~PS 
Uncoupled  Diamond  Yield  Surface, 
(r  =  Depth/Thickness)  Shallow  Shell. 
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G.9  -  Static  Collapse  Pressure  for  Simply  Supported  Shells  and 
Upper  Limits  of  the  Peak  Values  of  Dynamic  Pressure 
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APPENDIX  Al 

MEDIUM  PRESSURE 
1.2h<p   -p   <  6.0h 

Determination  of  the  Unknowns : 
A   iZ  •   •   •    4Z2«    •   8Z3"   4Z  ••   16Z""   " 


To  determine  these  12  unknowns ,  there  are  12  equations 

expressing  the  conditions  of  continuity  of  yw,  yw,yv,  n, , 

s,  m,  at  each  of  -the  boundaries  x=u,  ,  x=u„. 
9  I      2. 

Let  f]   be  the  jump  of  the  function  f  at  x=u,  we  have: 
u        J 

From  (2.2.2.2.23)  and  (2.2.2.2.38): 

2Z  • 
yw']  =  0  +  C  =  —  ~-  B 
1    u,         o      R 

From  (2.2.2.2.23)  and  (2.2.2.2.38): 
•  •     •     4  7, 2  • 

Yw]Ui  =  0  -  C  =  Q  +  gj-  Cl 

From  (2.2.2.2.22)  and  (2.2.2.2.37): 

•   2_Z* 

•  97       7  7.  2  •       1   •  T?      ?  7     *         7      • 

v\m   °  -"  ¥  ui(tK  +  Kui>  =-2z7R-+fui(c-|Bui) 

From  (2.2.2.38)  and  (2.2.2.2.43): 
2Z  • 

r*'\  =  0  *"  irB  =  K 

From  (2.2.2.2.38)  and  (2.2.2.2.43): 

yw]    =  0  -»  C  =  -K 
U2 

From  (2.2.2.2.37)  and  (2.2.2.2.42): 


YV]U2  =  0  *  -4tr—  +  X  V  =  "  I  S>=  r  "2  ^  "V1* 

•   2Z  •   •   • 

There  are  6  equations  for  8  unknowns:   A,  — B ,  C,  C  , 
,2  R        o 

4Z  • 
-=5— C-,  ,  K,  u-,  ,  u„.   Therefore  we  can  express  6  of  them  in 

terms  of  the  other  '2  which  are  C  and  u, ,  and  we  obtain: 

K  =  -C  (Al.l) 

2  7,  •     • 

~  B  =  C  (A1.2) 

C   =  -C  (A1.3) 

o 


|1~  C1  =  C  -  Q  (A1.4) 

A  =  -C(l  +  i|i  u|)  (A1.5) 


o       3C-Q  5     2  /,  -,        r  x 

u£  -  -*— —  u,  -  ■=•  un  (A1.6) 


Yw 


L2  "  "5™  ul  "  3  ul 

So  far  we  have  used  the  6  conditions  of  continuity  of 

•       •  *2Z**4Z2, 

1  ,  Yw  and  Yv  at  u,  and  u0  to  express  A,  =— B,  C  ,  ^-^-C,  , 


K,  in  terms  of  C,  u,  and  u„  and  obtain  a  relation  between 


u, ,  u   and  C.   Now  we  will  go  on  to  determine  the  4  remain- 

Q  7  ^  ••    4  7  ^  ••    lfi?4--   ••  • 

ing  unknowns  ^ — D,  ^ — E,  — ^  F,  G  in  terms  of  C  and  u,  ,  u 

K.       rv.        K.  1.  Z 


by  using  the  4  conditions  of  continuity  of  xs  and  hxm,  at 
u-.  and  u2. 

Differentiating  (A1.5)  with  respect  to  t,  we  have  first: 

A  =  -C  -  ||-  (Cu2  +  2C2u2u2)  (A1.7) 


From  xs]         =    0,    using    (2.2.2.2.21)    and    (2.2.2.2.40) 

"       2Z"       ••  4Z2'- 

with   x  =   u,  .    having   A,    i^-B,    C    ,    =-* — C,    bv   differentiating   with 
1  3.RoRzlJ 


respect    to  t(A1.5),     (Al.2),     (Al.3),     (Al.4)    respectively 
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and  substituting  the  results  obtained  into  (2.2.2.2.21) 
and  (2.2.2.2.40),  we  arrive  at: 


4Z2^"    8Z3^    X    2Z2 

/3~~  Ul 


E-Q    ^-D  -  C  -  ~(Cu2  +  2Cu^un) 

un  +  4  (Q  -  S5-E)  u.  < 


—^  w    _„  _  ^  _  g-^u^^u  u  ,         x        ^ 


2 


4ZVR  4Z7R' 

(A1.8) 

From  xs]    -  0,  using  (2.2.2.2.45)  and  (2.2.2.2.40) 
U2 
with  x  =  u2/  and  making  the  necessary  substitution,  we 

obtain: 

4Z"x    8Z""2Z  /^2,'iA*    \ 
^-E-Q    ^-D-C-— -(Cu2  +  2Cu2u2) 

h  -  G  +  ■ — u0 

4Z2/R2  4Z2/R2 

+  |(Q-||^E)  u2  +  i(||l  5  -  C)  u3  =  0       (A1.9) 


From  hxm,]    =  0,  using  (2.2.2.2.24)  and  (2.2.2.2.41) 
9  '-'  -I 

"  2Z  ••   ••    4  Z  2  •• 

with  x  =  u,  /  having  A,  77~B,  C  ,   2  C-.  by  differentiating  with 


respect  to  t  (Al . 5 ) ,  (A1.2),  (A1.3),  (Al.4)  respectively  and 
substituting  the  results  obtained  into  (2.2.2.2.24)  and 
(2.2.2.2.41),  we  arrive  at: 

lSZ1*'*    8Z3-  ••    4Z2-*  ••      8Z3-  ••    2Z2  ••  o     •• 

t£-f  +  Ht-»-C        j^E-Qu   _  H-P-C  -  |j-(Cu|  +  2Cu2u2)  ^ 


1  Oi72/n2  1 


16ZVR        4ZVR  8Z2/R' 

+  I  (Q  "  R^~E)  Ul  +  YA{W~D~C)    Ul  =  °        (ALIO) 

From  hxmj    =  0,  using  (2.2.2.2.46)  and  (2.2.2.2.41) 

<j>  u2 

with  x  =  u~,  and  making  the  necessary  substitution,  we 
obtain: 
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16Z1*::    8Z3"  "  4Z2 


,T? 


+  r^-D-C  ..     ttt-E-Q 


~C  +.  G  -  ±Q  +  -£— = -— +  [h  -  G  +  —   -]u_ 

12        6        16ZVR"  4Z2/R2 

073....     ^7  2  ..       ., 

.  p-°-C  -  F-CC"2+2Cu2u2»  u2 
8Z2/R2  2 

+  ff«5  -  |£i>u>  +  |T(^6.-c)«3  -  0 

(Al.ll) 


Let: 


H^E-Q  =  E1  (A1.12) 

|1-D~C  =  D,  (A1.13) 

R5  1 

1|z1f+|^-D-C  =  Fx  (A1.14) 

Then  equations  (Al . 8) - (Al . 11)  above  become  respectively: 


2Z 


2 


•    • 


'1  "l         R2^-"2"~1"2U2;  I-    2         I- 

4Z2  ^„2  /-r>2  2         2      2         6    12 


R 

Fl         ,       El  PrHitCu|+2CJ2u2)  .  n 

+  u, u,  -  ttE,  u,  +  kt  D,  u,    =    0 


ipi      4Z2/R2     x  szVr2  x     811     24    n 

CH-12G-20,    Fl    ,,h    ,/l    .„      5l-2F-i(gu2+6"2u21     ,    1„      ,    l    „      ,    n 
IT"  +16Z^-  (^-S+4ZT>  u2 —r~2 ^U2-61'lU2+24i3lu2=0 

R1*-  R2"  ' 
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Elimination  of  D,  from  (Al.15)  and  (Al.17)  yields: 

UTTK*- -  "  I  ni  5i  (Ala9) 


Substituting  this  expression  of  F,/[4Z2/R2]  into 
(A1.18)  and  multiplying  both  sides  of  the  resulting  equation 
by  -2,  we  obtain: 

U&  -  (2u2-u1)  ix  -  ||i  (l-u2)  G  - 1|1   I(Cu2  + 

2Cu2u2)  u2+  4hJ  u2  +  -|  -2-  (C-2Q)         (Al.20) 

Elimination  of  G  from  (Al.20)  and  (A1.16)  yields: 
u2(2-u2)D1  -  (2-u1)E1  -  p-  (Cu2  +  2Cu2u2)  (2-u2)u2 

+  4  %T    (C  -  2Q  +  12h)      (A1.21) 

Solving  for  D,  and  E   from  (Al.15)  and  (A1.21)  above, 
we  obtain: 

"     2Z2,^  2^0A'    \  .  2  Z2       C-2Q+12h        ,.,  00. 
Dl  =  ^-(Cu2+2Cu2u2)  +  3  ^  (tt2.Ui)t2-(u1+u2)]   (A1'22) 

gl  =|  |4   •    '6:i^1(2\      .     un  (A1.23) 

1    3  R^  (u2-u1)  [2-  (u1+u2)]   1 

From  (Al.19),  we  have: 

M   ..    . 

Fl  1  Z2      C-20+12h 


izVR7     3  R-  (u  -u1)[2-(i1+u2)  ]  yi 


U*        (A1.24) 


and  from  •  (Al. 16)  ,  we  have: 
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4Z 2 "    2Z 2  "  9  4Z 2 

jp-G  =  gr-(Cu|+2Cu2u2)u2  +  ^  h  +  El  -  u2Dx 

With  D.  and  E,  from  (Al.22)  and  (Al.23),  we  have: 

4Z2"    4Z2     2  Z2  C-2Q+12h  ,_,  OCv 

R^-0  =  R2~h  "  3  R-  2-(u1+U2)    '        (A1*25) 

Thus  far,  we  have  expressed  all  the  unknowns  in  terms 
of  C,  u,  and  u~.  To  determine  these  3  unknowns  we  have  the 
relation  (Al.6).and  the  2  conditions  of  continuity  of  n,  at 
x  =  u,  and  x  =  u~. 

Thus,  from  (2.2.2.2.39)  and  using  E,  ,  D,  ,  F,. defined 

2Z" 

in  (Al.12) - (Al.14) ,  and  with  -— B  from  (Al.1.2),  we  have, 

R 

from  xn.]    =0: 

51  -  f^(Cu2  +  2Cu2u2)     E±  5 

■  +   u,  -  „■  ■■  /„U. 


8Z3/R3  2Z/R  X    4Z/R  X 

+  IIOC-Q-E^uJ  +  JjI'CDi-SCjuJ  =  0 

With  D1  and  E,  from  (Al.22)  and  (Al.23)  and  grouping 
similar  terms,  we  have: 

-   £  "  2°  +  12h         '      l!.,    2  Z2   3  .  1  Z> 


(U2-Ul)  [2-(V»2)]   [  J~    +  y  |  U*  -  f  ^  „•  +  Jy  ^  U*  ] 


♦  |  <Cu§  +  2Cu2u2)  I  "  £  »f  *  J  |r  »J  ] 
+  |  |  (3C  -  Q)  u>  -  fj  |  C  uj  =  0 


Using  the  shallow  shell  approximation,  we  have: 
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2 

C  -  2Q  +  12h  =  |r(u2-u1)  [2  -  (i^+u^  ]  [6  (Cu^Cu^)  u* 


-  4(3C-Q)u*  +  5Cu£]  (A1.26) 

Then,  we  obtain: 

—  {  C[l  +  0(j£)]    =  2Q  -  12h 

or,  approximately: 

C  =  2 (Q-6h)  (Al.27a) 

With  Q  defined  in  (2.2.2.2.35),  we  have: 


Then 


C  =  2(p-p  )  (Al.27b) 


C  =  2[p  (1-e  T)  -  pcx]        (A1.28) 


Similarly,  from  xn  ]    =  0  ,  we  have,  after  a  first 
reduction:  ^   2 

+  -uu  -  Uz 


8Z3/R3  2Z/R  2    4Z/R  2 


+  ifUC-Q-E^uJJ  +  12  f^-SC)^  -  0 


Then  with  D,  and  E,  from  (Al.22)  and  (Al.23),  we  have: 


'2Q+12h       +  1  Z       C-2Q+12h 


12Z/R  (u^)  [2-  (u1+u,)  ]    3  -  (U2-Ui)[^-(Ui+U2))  VJ2 

-  f  £<cu|+2ci,uj  +  i  •, 5:*?)2\    n  u? 

R   2         2  2    2  6     (u2-u,)  [2-(u1+u2)]       2 

I  Z     r-,p_n         2    Z2  C-2Q+12h  ,       3 

3    R    lJU    y         3    R2"    (u2-u1)  [2-(u1+u2)]    U1J    U2 

1      Zr2Z2    "    2i0«-    „    »  2    Z2  C-2Q+12h  ,.",     „       n 

+   t^t-  -[r-^— (Cu£  +  2Cu0u0)     +   ■=•  —j-  -. .  *       — - r-T 5C]u*  =  0 

12    RlR^  2  2    2  3    Rz     (u2-u,)  [2-k,+u„)J  2 

Using    the   shallow    shell    approximation,  we   obtain: 
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•i    r\ 


C-2q+12h  ".s*fa2~U,)  [2-(u1+u2)]  [6(Cu2  +  2Cu2u2)u2 

-4(3C-Q)u2+5Cu2]  (A1.29) 

By  comparing  (A1.29)  with  (A1.26),  we  obtain  a 
relation  between  C,u,  and  u„  which  is: 

i 

(u2~u1)  {6 (Cu2+2Cu2u2)  (u1+u2)  -  4 (3C-Q)  (u2+u1u2+u^) 

•  .  +5C(u12+u22)  (u1+u2)  >  =0  (A1.30) 

where  C  and  C  have  been  determined  in  (Al.27b)  and  (Al.28) 
Another  relation  between  C,u.,  ,u_  has  been  found  in  (Al .  6 ) . 
Then  (A1.30)  and  (Al . 6 )  are  the  system  of  equations  to 
determine  u1  and  u? ,  C  and  C  being  known. 
From  (A1.30)  if  we  take: 

ux  =  u2  =  u 


then  from  (Al . 6 )  we  will  find 

u  = 


15  P0(l-e^T>-  pst  -  1.2hT 

16  Pod-"1)  "  P.t 

But  we  know  that  this  solution  is  not  kinematically 
admissable,  therefore,  we  must  have 

6 (Cu2+2Cu2u2)  (u1+u2)  -  4  (3C-Q)  (u^+uxu2+u2) 

"22 

+  5C(u]L+u2)  (ux+u2)  "  0  (A1.31) 

and  (Al.31)  constitutes  with  (Al . 6 )  the  system  of 

•  •  •  • 

equations  to  determine  u,  and  u„,  C,C  and  Q  being  known. 


APPENDIX  A2 


MEDIUM  PRESSURE 

6h  <  p  -p   <  Ah 
^o  ^s  — 


Determination   of    the   Unknowns: 
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2Z, 


4z: 


8z!:     4zh     16ZH- 


A,    — B,    C,    Cq/    -^£lf    K,    —  -p,    ~E,    =^-F,    G,     UQ ,     u±t    u2 


As    has   been   mentioned,    to   determine    these    13    unknowns   we 
have    14    conditions    of    continuity.       If    f]      designate    the 
jump   of    the    function    f    at   x   =    u,    then    these    conditions    are 


At   x   =    u 


o 
Yw] 


=    0  yv  =    0 

u  '       u 

o  o 


At   x   =   u,    and   x  =   u~ 


mj         =0  n,  ]         =    0 

<p    u  .  <p    u  . 

l  l 


s]         =    0 
u  . 

l 


yw'  =    0  yw]         =    0  Yv  =    0 

u.  u.  u . 

ill 


(i    =    1,2) 


From    (2.2.2.3.4)    and    (2.2.2.3.10),    we   have 


•  4  7,       •  • 

Y    W]  =    0    ■*■    r~tr~    C,     +    C    u       =     0 
U  R  1  o    o 

o 


(A2.1) 


From    (2.2.2.3.12),    we    have: 


2Z'    a         .     1    A    ..2         1 


Yv  =    0   ■*   =r?-    Cu      +   -  C    u"    - 

'    Ju  R  o         3      o   o        u       I 

o  o    Jo 


^    2Z2 


(±£_  Clu2  +  \'c  u3)dx    =    0 


R' 


1   o      3    o   o 


(A2.2) 


Integrating  by  parts  we  have: 
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(-1-2-  c\u2  +  i  C  u3)dT 
R2   1  o    3   o  o 


%  <V2  +  \ 

R2   1  o    3    o 


,4Z2  •     • 

Rz   1      O  O    o  O 


Or  with  (A2.1)  above: 


(^r  C1u2 


3   o  o 


R2    o    3    o 


(A2.3) 


With  this  result,  (A2.2)  becomes 


2Z   •      1^2    ,2Z2  •    ,  1  •  2s 

r-2—  CU    +  t  CU    -   (-17T  CU    +  r  CU 

Rz     o    3    o      R^    o    3    O 


=  0 


Thus,  the  condition  of  continuity  of  yv  is  a  conse- 
quence  of  that  of  yw  and  from  these  2  conditions,  we  have 
only  one  equation:   (A2.1) . 

From  (2.2.2.3.9)  and  (2.2.2.2.38),  we  have: 


yw1]    =  0  -*■   C   = 
u.         o 


2Z 


B 


(A2.4) 


From  (2.2.2.3.9)  and  (2.2.2.2.38)  and  with  (A2.3) 


above: 


•  •     4  7.    •      • 

YWlu  =  0  *Q  +  VC1  =  C 


(A2.5) 
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From    (2.2.2.3.12)    and    (2.2.2.2.37)     and   with    (A2.3): 

y^I        -   o  ->        2Z    f2z*   r  ii     +  1  r  ,,*         x     r2z?   r 
W]Ui   -    0  -   -  _-    [~r  C1u1   +    3   CQu1   -   --    (—r  Cx   * 

2Z     • 

^oVUo]       =  iljTf  +   ^  u       (c   -   §  fiu    )  (A2.6) 

2Z/R      K        . 

From  (2.2.2.2.38)  and  (2.2.2.2.43)  we  have: 

'   Yw'l    =  0  ->  -  -J-  B  =  K  (A2.7) 

u2  R 

and  with  this  result: 

yw]    =  0  ->  C  =  -K  (A2.8) 

U2 

From  (2.2.2.2.37)  and  (2.2.2.2.42),  we  have: 

•    2Z  • 

A  +  1C   B    2Z      •    Z  • 
Yv]    =  0  ->  *  —  +  f-  u   (C  -  Z  Bu  ) 

U2  2Z/R  Z  R         Z 

=  ~  K  u2(u2-l)  (A2.9) 

As  before,  we  will  first  express  A*,  -~i ,    C  ,  ^iyC,  ,  K 
in  terms  of  C,  uq,  u1#  u2  using  equations  (A2.4),  (A2.5) 
and  (A2.7) -(A2.9) . 

From  (A2 .8) : 

K  =  -C  (A2.10) 

From  (A2.7)  and  using  the  result  above: 

2Z  • 

X  B  =  C  (A2.ll) 
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From  (A2.4)  and  using  the  result  above: 

C   =  -C  (A2.12) 

o 

From(A2.5) 

^~  C±   =  C  -  Q  •  (A2.13) 

From  (A2.9)  and  using  (A2.10)  and  (A2.ll)  above,  we  have: 

^ =  -  J  C  u  (A2.14a) 

2Z/R       •      Z 

or,  with  (A2 .11) : 

2 

A  =  -  C(l  +  ~y  u2)  (A2.14b) 

and  we  are  left  with  two  unused  relations  (A2.1)  and  (A2.6) 

and  which  will  be  used  later  in  the  determination  of  C,  u, , 

u~ ,  u  . 
2    o 

From  (2.2.2.3.7)  and  (2  .  2  .  2 . 2 . 40) ,  we  have: 


*£«     i/.-^S-    ,  i,s     «■*_. 


Un  +  £(.C  -  -TTT  E)  un   + 


4Z2/R2      4Z2/R2     1    2V      R2   '  1 


1  ,8Z3  "    6Z  "    3 
6  (1F  °  -  -R  B)  Ul 


2  2-   ■•    4  Z 2  •■ 
Having  — — B ,  C  ,  -  -p-jC ,  and  A  by  differentiating  (A2.ll)- 

(A2.13)  and  (A2.14b)  respectively,  we  have: 

±£   E-Q    §|i  D  -  C  -  ^  (Cu2  -f-  2Cu  u  ) 

u.,  + 


4Z2/R2  4Z2/R2  "1 

(A2.15) 


2"(Q  rT)U1    +    6(    R3D    ^)U1    +    -T~Uo         3°Uo 
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From  (2.2.2.2.40)  and  (2.2.2.2.45),  we  have: 

42  2  f.  z       ;•   8Z3  •• 
-£5-  E-Q    A  +  ^-  D 

xs]    =  0  -  -* *L_  u      + 

2       4Z2/R2      4Z2/R2 

+  2  (C     R2  E)  u2  +  ^    (-^3-  D  -  ~  B)  u^  = 

'A         u    K  +  6   2    1     , 

Substituting  again  A,  ^B,  K  by  their  expressions  in  terms 

f 

of-  C.  and  u~ ,  we  have: 

t£  e-Q      ..   2|i  5  .  c  -  2^  (cu2  +  2cu,uJ 

+  h  -  G  -  — 5 f 2_2 


4Z2/R2  4Z2/R2  2 

+  |  ii   -   %   E)u2  +  |  (S|i  5  -  C)u^  ='0  (A2.16) 


From  (2.2.2.3.13)  and  (2.2.2.2.41),  we  have: 

h*VUl  ■  °  *  hul  +  I  W   Cx(uJ  -  3u(Ju1  +  2u|)  + 

+  12  Co  K  '  4uoul  +  3uo>  " 

iT^I^Jii  ifi  B-Q  A    +    iflp       , 

=   +    [h   +   ]u,    -   u, 

16ZVR11  4Z2/R2  8Z2/R2 

+   I#c   -   4Z*   rhu3   +   ^-r8z3   n   -    6Z   rIh* 
+    6(C         ^  E)U1    +    24("¥T  D         R~  B)U1 

Having  5— B>C  ,  ~~ 02^1  and  A  by  differentiating  (A2.ll)- 
(A2.13)  and  (A2.14b),  respectively,  we  have: 
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16Z"  -    8Z3  -  -    4Z2  "  •'  8Z3"  -    2Z2  "  2 


F  +  -R^  D~C    -R7  E"Q       -R^D-C  "  "^(CU2  +  2CU2U2}  u2 

+   u,    -   1 


2    /r>2  1 


16ZVR"  4Z2/R'  x  8ZZ/R" 

+  i(5  .  il^i,  U3  +  ^(Sfl  5-5)  »i  +  ^u,  -  S=2  u. 


-  rCU^U,   +  TCu 

3   o  1    4   o 


(A2.17) 


From  (2.2.2.2.41)  and  (2.2.2.2.46)  and  making  the  substitu- 

2Z-   "      -  * 

tion  of  ^— B ,  A  and  K  in  terms  of  C  and  u„  wherever  possible, 

K  Z 

as  before,  we  have: 

hXVu2  =  °  *  •  '   (A2.18)' 

/ 

R2    *   +    R3   U     U     1  1   ..      ..  .   R2  *•  U    .. 

16ZVR  *  4Z2/R2      ^ 

8|^-C-  ^|l(Cu2+2Cu2u2)  *  _ 
8zW U2  +  6(Q"  1FE)*2  +  24(-R^"C)u2  =  ° 

Using  E, ,  D,,  F,  defined  in  (Al . 12) - (Al. 14)  respectively, 
equations  (A2 . 15) - (A2 . 18)  can  be  written  as: 


From  (A2.15) : 


2Z2 


El     Dl R2"  (Cu2  +  2Cu2U2} 

-  u. 


4Z2/R2  4Z2/R2  1 

•  •  •• 

E         D         ••  ••        •• 

-   JL  u2    +   ±  u3    +   ^  u2    \  Cu3    =    0 
2161  2o3o 

2   2 
Multiplying  both  sides  by  4Z  /R  and  grouping  similar  terms, 

we  have: 
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— T[(Cu2    +    2Cu2u2)u1    +(C-Q)u2    _    2    g^ 


(A2.19) 


From    (A2.16) : 

2 

E,  D,    -   —-*-    (Cu*    +    2Cu„u„) 


^-    (Cu2 
1  r^    lcu2    •    "~"2"2 


+   h    -    G    -    .„,  /t0 u~    - 


4Z2/R2         »         «  4Z2/R2  2 

•  •  •• 

E.  D. 

"  -T  U2   +  -T  U2   "   ° 

Multiplying  both  sides  by  4Z2/R2  and  grouping  similar  terms, 
we  have: 

"  (I"  I  f^2)u25l+  (1  -  ^   U2)£l  "  TF  'd   - 

=  -  -^-[(Cu2  +  2Cu2u2)u   +  2h]  (A2.20) 

From  (A2.17)  : 

F        E  ux    °!  -  ^fr  (gj  +  2Cu2u2)   ,    "i   3 


leZVR1*  4Z2/R2  8Z2/R2  "1  6  1 

+      1   u*    +  9ZQ   U2U      -   ^Qu3      _    1   cu3un    +   i  Cu"    =    0 
24      1  2ol  3o  3ol4o 

Multiplying  both  sides  by  4Z2/R2  and  grouping  similar  terms, 
we  have: 

-t\-\w  ui)ui5i +  C1  -  !  1^  ui)uA  +  4zw  = 

~    l*~    [(Cu2    +    2Cu2u2)u£    +    2(C-Q)u2U;L    - 

^     i'A    'A\     3         4^3         j.   «    *i  (A2.21) 

-    ^     (C-Q)ui    -    -=-  Cu^u.     +    CuM 
3  o         3         o    1  o 
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From  (A2.18) : 


1        1   '•    1  "    "  El 

+  ^  C  -  7  Q  I  G  +  (h  -  A„7  ,r,?    ~   G)  u„  - 


16ZVR1*     12      6  -        v    4Z2/R2        2 
51  -  TF  ^  +  ^V  _  2    £1   3  ,  51    * 


U^  -  ~  ^4  +  x-r   U*  =  0 


8Z2/R2  2    6    2    24   "2 

Multiplying  both  sides  by  4Z2/R2anci  grouping  similar  terms, 
we  have: 

"  (l  "  \  It  u2)u25i  +  (1  -  I  |r  u2)u2Si  + 

4  7, 2  ••  1 

+    ^-r    d-u.)G    + 


R^     "    "2'^         4Z2/R2 
—    [     (Cu2    +    2Cu2u2)u2    +    4hu2    +   —^   ] 


With  the  shallow  shell  approximation: 


(A2.22) 


4Z2  ^    4Z2  „    4Z2    ^    , 

iru1i-Fu2<17«l/ 

equations  (A2 . 19) - (A2 . 22)  become: 

u1D1-E1  =  -|z-[(Cu2+2Cu2u2)u1  +  (C-Q)u2  -  |cu*] 

(A2.23) 
u2D1-E1  +  —r   G     =  ^|7-[(Cu2  +  2Cu2u2)u2  +  2h]       (A2.24) 

P  2 

2UiVUA    -    4ZW  =   |r[(Cu2+2Cu2u2)u2    +    2(C-Q)u2u1   - 


«•       ♦• 


4^ 


-   |CC-Q)u3    -  |ci?  u,    +   Cu1*]  (A2.25) 

3  o        3     o  1  o 
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1    2 "  "  4Z2  ♦•  1 

2U2D1"U2E1    "   IF    C1"U2)G   "    AZV^  = 

2 

~r    [     (Cu2  +  2Cu2u2)u2  +  4hu2  +  ^—^  ]     (A2.26) 


With  the  equations  (A2 .23) - (A2 .26) ,  we  can  solve  for  D,  ,  E,, 

F,  and  G  in  terms  of  C  and  u  ,  u,  ,  u~  .  We  proceed  by 

elimination:  multiplying  (A2.23)  by  u,  and  (A2.25)  by  -2 

and  adding  the  resulting  equations,  we  obtain: 

From  this,  we  have: 

.. 

p 
1        1    "   , 

4ZVR"  ~    2  Ul1"l  + 

+  W   I  "  (c-Q)^i  +  |  (c-Q)u-  +  §  cu^u,  -  cV  ] 

(A2.27) 
Substituting  this  expression  of  F,/(4Z2/R2) 
into  (A2.26),  we  have: 

Iu25l  "  U2£l  -  ^d-^'5  +  5»151 
=  j£  [<Cu|  +  2Cu2u2)u|  +  4hu2  +  £=12  .  (c-Q)u^Ul  + 

+  |(C-Q)u£  +  2cu^Ul  -  Cu*] 


Multiplying  both  sides  by  2  and  grouping  similar  terms, 
we  obtain: 
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2-     ,„      v^     8Z 


2 


U2D1  ~  C2u2-u1)E1  -  -^(l-u2)G 


2 


=  ~r    [(Cu2  +  2Cu2u2)u"  +  4hu2  +  ~Q   -  (C-Q)  u*^  + 

+  |cc-Q)u^  +  fcu2^  -  cV]  (A2.28) 

Multiplying  (A2.24)  by  2(l-u~)  and  adding  the  resulting 
equation  to  (A2.28)  above  to  eliminate  G,  we  have: 

u2(2-u2)D1  -  (2-u1)E1  =  —^-[(Cu2  +  2Cu2u2)  (2-u2)u2  +  4h 


•  •     «• 


^5^  --  (C-Q)u2u,  +  4(C"Q)u3  +  |cu2un  -  cV] 
3  o  1    3      o    3   o  1     o 


(A2.29) 


With  (A2.23)  and  (A2.29)  above,  we  can  solve  for  D,  and  E,  . 
To  eliminate  E,  ,  we  multiply  (A2.23)  by  -(2~u,)  and  add  the 
result  to  (A2.29).   The  result,  after  some  operations,  is: 

"     2Z2  "  2^0A-    v  2Z2/R2 

D,  =  — =-r(Cu^  +  2Cu0u„)  +  -. .   '  , ; r-v-  x 

1     R     2     2  2'    (u2-u,) [2-(u1+u2)j 

x  [  C"2Q+12h  -  2(C-Q)u2  +  i(2C-Q)u3  -  Cu*] 
1     3  o    3       o     o 

(A2.30) 
From  (A2.23),  we  have: 

2Z2 


i.  = *^h _  tc-2Q+i2h .  2lSr5)  .  + 

(u2-Ul) [2-(Ul+u2)l 

+  i(2C-Q)u^   -   Cuo*]    -   ^    [CC-Q)u*    -   feu'-] 

(A2.31) 
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With  E,    given  by    (A2.31)  ,    expression    CA2.27)     for   F-. 
becomes : 


£  Z2  2 

F,  =rr  u 


•  *  •• 


R  [Cz2S±12h  .    2("    _5)u,    + 


4ZVR  Cu2-u1)  [2-(u.+u2)  ]     '        3  v'"o 


+   |{2C-Q)u'    -   Ci£]    +  f£    [|(C-5)u«    -   5u*] 

(A2.32) 

To   obtain    G,    we ' can   use    equation    (A2.24)  ,    with   E,    and   D-, 
from    (A2.31)     and    (A2.30)    respectively: 

4Z2p         4Z2       _         2Z2/R2  C-2Q+12h    _    .,»|;.     2 

R2"0  ~    "F"h  [2-(u1+u2yT    [         3  2(C   Q)Uo    + 

+   i(2C-Q)u3    -    cV]    -    ^rr    [(C-Q)u2    -    |cu2] 
3  o  oJ  Rz     L  v      v/    o        3      oJ 

(A2.33a) 

Then: 


•  •  •• 


C   -    h    -    1     \(C-n)     -    2?n    In2 1  rC-2Q+12h    _ 

G  -  h    j  [(C  Q)    ^o^o    2[2-(u1+u2)]  [~~~3 

-  2(C-Q)u2  +  |(2C-Q)u£  -  CV]  (A2.33b) 

We  observe  that  when  u  =0,  expressions  (A2 . 30) - (A2 . 32)  and 
(A2.33a)  reduce  to  expressions  (Al. 22 )- (Al. 25)  of  the  medium 
pressure  case. 


So  far  we  have  expressed  all  the  unknowns  in  terms  of  C,  u  , 
u,  ,  u?.   To  determine  these  4  remaining  unknowns,  we  have 
relations  (A2.1),  (A2.6)  and  the  2  conditions  of  continuity 
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of  n,  at  x  =  u,  and  x  =  u„  .   From  C2.2.2.2.39)  and  having 

2Z 

A  and  — B  by  differentiating  CA2.14b)  and  CA2.11)  respec- 

tively  and  using  D,  and  E,  defined  in  (Al . 12)  (Al . 14) ,  we 
obtain : 

.  £  -  M;  CCU*  +  2Cu  u  ) 

xn,]    =  0  ■*■ 


Vi^  8Z3/R3 


D-,  u2         -,  „2        Enu 


11    ,,    1  Zz   2s     11  ,-,    2  Z 


(1-7bT«i)  +  S7T7TT  (1  ~  o  ST  UJ  + 


4Z  /R  .v     3  R2   1'    2Z/R  v     3  R2   1 

Z  ,3C-Q   3    5C  ks  n 

+  R  (-l~  Ul  "  12  Ul}  =  ° 


With  D,  and  E,  from  (A2.30)  and  (A2.31)  respectively,  and 
using  the  shallow  shell  approximation/  this  equation 
becomes : 

1 [C-2Q+12h  _  2(c-5)u2  +  i(2C-Q)u3  -  Cu"] 


X(U2~U1)  [2-(u1+u2)] 


-   |    [|(Cu22   +    2Cu2u2)uJ    -    3CzQ   us    +   |C   u,    +    ^^ 

-   -I  Cu3uJ  (A2.34) 

3        o    1 

Similarly,  at  x  =  u~ ,  we  have: 

,  n  1  rC-2Q+12h 

xVu9  =     *  4Z-; W9  ,    ,    ,.  [ — 3 

2  -R(U2_U1)  t2"(VU2)] 

"    2(C-6)u2    +    i(2C-Q)u^    -    CV]    =   |    [|(Cu2    +    2Cu2u2)u2    - 

-    ^^-  uj    +   ^  u!    +    (C-Q)u2u0    -    |cu3u„]  (A2.35) 

3  2         12      2  o    2         3      o    2 


265. 


Comparing   this    equality  with.    (A2.34),    we   obtain: 

i(Cu^   +    2Cu2u2)  Cu^-aJ)    -  ^Cu'-U^)    +   fftuj-ujl 


•  •      «• 


u^u,-u,)  -  ^-u3(u9-u,)  =  0 
O   z   1      3   O  2.       1 


or: 


(u2-Ul)  {  i(Cu2  +  2Cu2u2)  (u1+u2)  -  l§2fi(u2+UiU2+up 
+  §(u1+u2)  (uJ+u|J  +  (C-Q)u*  -  f  U3  \  =  0 


From  the  result  of  the  medium  pressure  case,  we  have  found 

that  u.,  f-   u„  and  therefore  u„  -u,  ^  0.  .Thus  a  relation 

between  u  ,  u, ,  u„  and  C  is,  after  some  reductions: 
o    1    2 

•  6(Cu2  +  2Cu2u?) (u1+u2)  -  4(3C-Q)  (uij+u-^+u2) 

+  5C(u,+uJ  (u2+u2)  +  12(C-Q)u2  -  8Cu3  =  0      (A2.36) 
12    12  O        O 

Comparing  this  relation  with  (A1.31)  we  see  that  the  former 

will  reduce  to  the  latter  when  u  =0. 

o 

Also,  from  (A2.34),  we  have: 

g  "  2Q  +  12h  =  2(C-Q)u2  -  4(2C-Q)u3  +  Cu^ 
3  o   3       o     o 

+  «t  [!(£„*  +  2Cu2u2)uJ  -  »*  U3  +  5C  u. 


•  *     •  * 


+  (C-Q)u2u,  -=-Cu3u,]  (A2.37) 

o  1    3    o  1 


or,  using  the  shallow  shell  approximation 
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C  =  2(Q-6h)  +  6(C~Q)u2  -  4(2C~Q)u3  +  3CV    (A2.38) 

From  (A2  .1)  ,which  is: 

4Z 2  • 

-~r  C,  +  C  u   =  0 
R    1     o  o 

4Z2  ■ 
and  with  —=~r   C,  from  (A2.13),  C   from  (A2.12)  ,  we  have: 
R    1  o 

C  =  ■  Q  (A2.39) 

o 

from  which  we  derive: 

(1-u  )Q  +  Qu 

C  =  ° °  (A2.40) 

(l-uo) 2 


We  can  also  compute  C  from  (A2.38): 


or: 


2(l-3iT  +  2ud)Q  -  12h 

C  =  - - (A2.41a) 

1  -  6u2  +  8u3  -  3ult 
o     o     o 


2  (1-u  )  2(l+2u  )Q  -  12h 

C  =  

(1-u  )  3(l+3u  )  (A2.41b) 

o       o 


Comparing  (A2.40)  with  (A2.41b),  we  obtain,  after  some 
reductions : 


(1-u  )2(l+u  )Q  -  (1-u  ) (l+3u  )Qu   =  12h  ,  or 
o      o         o      o   o 


£•    [(1-u  )2(l+u  )Q]  =  12h 

UT         O         O 


Integrating,  we  obtain: 


(1-u  ) 2 (1+u  )Q  =  12hx  +  L 
o      o 
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Since   at    t    =    0 ,    Q   =    0 ,    we  have  L  =    0    and: 


Cl-u    )2U+u    )    =   ^P^-  (A2.42a) 

O  O  A 


With  Q  defined  in  (2.2.2.2.47),  we  have: 

(1-u  )2(l+u  )  =  ^^ (A2.42b) 

p  (1-e   )  -  p  x  +  6hx 

Using  a  formula  in  the  solution  of  an  equation  of  3rd 
degree  which  has  3  real  roots  [21] ,  it  can  be  shown  that  u 
can  be  expressed  in  the  form: 

u   =  ■=■  -  -^   cos  (— TT-)  (A2.42c) 

o    3    3        3 

where  <j)  is  determined  by: 

x.                "1  /            81hi  ,  ,  ,      .  A 

<£  =  cos    i -  1  )    for  t  >  0 

4[pQ(l-e  T)  -  psT  +  6hT] 

(A2.42d) 

and 

a      _1    r      81h         ,  ,  c  a 

<$>   =   cos      [  7-7 ,  „   . —  1  ]  for  t  =  0 

4 (p  -p   +  6h) 
^o  *s 

At  t  =  0 /  the  right-hand  side  has  the  undeterminate  form 
0/0.   Using  the  L1 Hospital's  rule,  we  have,  at  x  =  0: 

(1-u   )2(l+u   )  =  12*\  c,  (A2.43) 

oo      oo    p  -p   +  6h 

ro  ^s 

From  this,  we  see  that  if  p  -p   =  6h,  then  u   =0  and  the 

^o  ^s  oo 

shell  collapses  only  in  3  regimes  as  has  been  found  in  the 

medium  pressure  case.   (u    =  u  (0)  ) 
c  oo    o 
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•     ♦• 


Thus  we  have  determined  C,  C  and  u  .   To  obtain  u1    and 

o  1 

u~,  we  have  2  relations:   CA2.6)  and  CA2.36). 


4Z2-    •    2Z, 
R2^!'   o'   R 


From  (A2.6)  and  with  ~rC^  ,    C„,    ~B ,  A  from  (A2.13), 


(A2.12),  (A2.ll)  and  (A2.14b),  respectively,  we  have,  after 
some  reductions: 

3(3C-Q)u2  -  5Cu3  -  3Cu2u.,  -  3  (C-Q)  u2  +  2Cu3  =  0 
1       1       2  1  o      o 

(A2.44) 
With  C  from  (A2.'39),we  have: 


3C  -  Q  =  Q 


C  -  Q  -  Q 


2+u0 
l-u0 


uo  • 

1-u 
o 


With  these  results,  (A2.44)  becomes,  after  simplification 


1-U 

o 


3(2+u  )u2  -  5u3  -  3u2u,  -  u3  =  0      or: 
o   1      1      2  1    o 


3(2+u  )u2  -  5u3  -  u 


3 

o' "1    ""1    "o 


u2  = % (A2.45) 

2  3u, 

We  observe  also  that  when  u  =0,  (A2.44)  will  reduce  for- 

o 

mally  to  (A1.6)  of  the  medium  pressure  case. 

Thus  relation  (A2.6)  becomes  (A2.45)  above  and  relation 
(A2.36)  remains  the  same. 


•  •     •• 


C,  Q,  u  being  known,  we  can  determine  then  u,  ,  u„  from 
o      -a       #  1'   2 

(A2.45)  and  (A2.36) 
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With  C  and  C  known  in  terms  of  u  ,  u, ,  u~,  we  can  express 

o    1  2  ^ 

all  other  unknowns  in  terms  of  u  ,  u-,  ,  uu  ,  and  hence 

o    1  2 

express  the  velocities  and  stresses  in  terms  of  u  ,  u, ,  u~ 
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APPENDIX  A3 


SAMPLE  OUTPUT  FOR  MEDIUM  PRESSURE  RANGE 


(1.2h  <  P  -P   <  6h) 


The  symbols  used  in  this  output  are: 


ZETA  =  (Z/R)/h 


DPI  =  (po-pg)/h 

RP  =  p  /p 
^o  ^s 

Q0  ='  g   (initial  value  of  g) 
TSTP  =  t 

TAUF  =  t1 

1+n 
RMAX  =  maximum  value  of     0 


h-lZ/R) 

RREST,  RESTl,  REST2  are  the  approximations  with  which  the 

solutions  of  the  equations  to  obtain  Q0 ,  TSTP  and  TAUF 
have  been  made  (the  closer  to  0  the  better) 

IR,  IF1,  IF2  are  indications  of  possible  error  in  the  eval- 
uations of  Q0 ,  TSTP  and  TAUF.   The  value  0  means 
no  error. 

M  is  the  number  of  points  in  the  numerical  integration  of 
equation  (2.2.2.2.74) 

TAU  =  T/  the  independent  variable  in  equation  (2.2.2.2.74) 

Q  =  g 
Ul  =  u 
U2  =  u2 
DQ  =  1/g 
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P(U1)  and  P(U2)  are  values  of  P(x)/h  where  P Cx)  is 

defined  in  (2.2.2.2.92)  for  x  -  u.,  and  x  =  u„ 

respectively . 
DD1  =  u,  -  S./2 
DD2  =  u2  -  S/2 

where  S  is  the  sum  of  the  two  root  of  the  equation 

P(x)  =0 
AD1  is  condition,  (2.2.2.2.89)  where  the  function  in  the 

right-hand  side  has  been  transferred  to  the  left-hand 

side. 
AD2  is  condition  (2.2.2.2.9  5)  for  p-p   >  0  and  condition 

(2.2.2.1.19)  for  p-p   <  0  (for  p-p   <  0,  it  has  been 

proved  that  nfi  is  admissible) . 


It  can  be  seen  from  this  output  that  for  t  -*■   x,  ,    g  - 


-*-   CO 


ccno i r  ir^s     m     a'jiis  j  ibiu  i< 

1-4C1       "ISiTlVE 

2-H02     positive 

J-RXK       S*1I_LE8       TMA\       l./f-l 
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2ET4 
12.  CO 


CPl 

t.cc 


CO 

tstp 

T4UF 

m  >.  X 

1.45 

C.21 

C.  1  7 

(..52 

-).c>        n.oc        coo 


J     2).. 


TAU 

C 

Ul 

H2 

00 

"inn 

"(   121 

1/1 

."02 

AC1 

»32 

0.000 

c.  I4<;e 

01 

0.513 

3.766 

0.  153F    01 

0.00 

l.4r, 

3.  34 

CM 

3.     •' 

:.i: 

0.015 

C.  15  LE 

01 

0.497 

C  75C 

C.  153C    01 

0.12 

1  .34 

3.  3i 

CM 

3.0. 

- .  1  * 

0.028 

C. 152E 

CI 

0.4e3 

C733 

C.  1206    01 

0.24 

1.  11 

:.  *  7 

C.62 

O.30 

3.24 

0.031 

0. 1*  IE 

CI 

0.468 

0.717 

0.5786    00 

0.  16 

1.29 

3.39 

C.44 

.0 .  1 C 

).)1 

0.049 

0. 1546 

CI 

0.454 

0.702 

C.315E    00 

0.47 

1.31     . 

:.<•>. 

C44 

).  1'. 

0.  IS 

0.054 

0.156E 

01 

C.441 

0.686 

C.6586    00 

0.  58 

1  .S3 

3.4  ft 

0.70 

0.  1  j 

3.4c 

0.065 

C.157E 

31 

0.427 

0.671 

0.608E    CO 

0.68 

1.37 

7.32 

0.  76 

:.  1 ) 

.." 

O.C72 

C. 155E 

01 

0.415 

C.656 

0.536F    00 

0.78 

L.4> 

J.i) 

C.34 

J.  10 

,.41 

0.071 

C.16CE 

01 

C.402 

0.642 

0.479E    00 

0.87 

1.47 

0.  72 

O.9., 

).t  1 

,.43 

C.C33 

0.  16  IE 

01 

C.  19C 

0.628 

0.431E    00 

0.15 

1  .4) 

0.  8  > 

I.  11 

3. 11 

;.  74 

0.C92 

C. 16  !E 

CI 

0.  368 

C.601 

0.359E    00 

1.09 

1.64 

1.5  > 

1.7b 

j.  11 

0.  33 

0.10.) 

0. 166E 

01 

C  .  147 

0.576 

0.303E    00 

1.21 

1.'4 

1.31 

4.04 

o.u 

I.  ~J> 

0.1C4 

c. i6eE 

01 

0.327 

0.551 

C.259E    00 

1.30 

1  .a* 

-22.07 

-21.84 

:).ll 

4.4  1 

0.112 

C.171E 

01 

0.  30° 

0.526 

C.223E    00 

1.  33 

1.9) 

-  3.6  ) 

-3.  19 

:.12 

0  .  '.  1 

0.  117 

C.D3E 

CI 

0.29C 

0.503 

0.195E    00 

1.44 

2.01 

-2.23 

-2. 02 

.,.  12 

4.41 

0.121 

C176E 

CI 

0*273 

0.481 

C.17CF    00 

1.49 

'.37 

-1.75 

-1.54 

3.12 

4.4  1 

0.125 

C.17PE 

01 

0.257 

C.459 

C.150E    00 

1.52 

2.12 

-I  .  42 

-1. 11 

'..12 

4.41 

0.  129 

C. If  IE 

01 

0.242 

J. 433 

0.133c    30 

1.53 

2.16 

-I  •  2  -i 

-1.19 

J.  12 

'^.4  1 

0.132 

C.1E46 

CI 

0.22E 

C.413 

C.l  13c    00 

1.54 

2.  19 

-1.31 

-1.11 

3.12 

..41 

0.134 

C. 1 f 6E 

01 

C215 

J.3°9 

c  ice.  00 

1.54 

2.2  ) 

-1.2  > 

-1.  37 

3.12 

6.41 

0.  139 

C. 1  Sit 

01 

0.191 

0.365 

C.359E-01 

1.51 

2.20 

-1.21 

-1.03 

).li 

5.41 

0.143 

C.14tE 

01 

C.l  7C 

0.334 

C.7C5C-01 

1.45 

2.17 

-1.1  ' 

-1.32 

). :  1 

4.41 

0.146 

C.2C1E 

01 

0.152 

0.305 

C. 5846-01 

1.39 

'.11 

-1.13 

-1.  )  1 

3.11 

4.4  1 

0.144 

C.2C6E 

01 

0.1  35 

0.279 

C488E-01 

1.32 

'..  •. 

-l.l  > 

-l.C* 

o.u 

•>.*  1 

0.150 

0.21  IE 

01 

K.  .  1  -'  I 

3.256 

C. 4116-31 

1.2- 

1.9  . 

-1.23 

-1.06 

3.13 

4.41 

0.  152 

C.216E 

01 

v.ltl 

0.2  36 

0.349E-01 

I. Is 

1.47 

-1.21 

- 1.  31 

0.10 

1.41 

0.154 

C.221E 

CI 

C.C4S 

0.217 

C. 2536-31 

1.03 

1.  7i 

-1.22 

-1.10 

0.10 

;,4l 

0.155 

C.226E 

01 

O.C88 

4.2C3 

C. 2566-31 

I.  31 

1.7- 

—  1  .  '  * 

-I. 11 

).)-> 

-).4  1 

0.156 

C.232E 

CI 

C.C30 

0.  185 

0.221F-31 

0.9". 

1.61 

-1.24 

-1.13 

0.'-9 

C.41 

0.157 

C.  2  3  7  6 

CI 

0.07  > 

0.172 

0. 152E-01 

1.8< 

1  .52 

-1.2. 

-1.15 

O.C<- 

1.4  1 

0.159 

C.247E 

01 

0.061 

C.150 

0.14HE-01 

0.74 

1.  1' 

-  1  .  7i 

-1.17 

o.:« 

4.41 

0.160 

C.257E 

CI 

0.051 

O.lil 

C. 1166-01 

0.66 

1.2  1 

-1.2  ' 

-1.19 

0.  >» 

i.-.  1 

0.  161 

0.267E 

01 

0.044 

0.116 

C.927E-02 

0.58 

1.11 

-1.29 

-1.21 

0.  ;-> 

i.-.  1 

0.162 

C.277E 

01 

O.C37 

0.104 

0.7S1F-O2 

O.il 

l.Oi 

-1.3  I 

-1.23 

3.  37 

'••4  1 

0.163 

C. 267E 

CI 

0.032 

0.C93 

C. 4176-02 

3.45 

0.52 

-1.3) 

-1.24 

O.Cft 

'..41 

0.163 

C247E 

01 

0.C2E 

C.C84 

0.511E-O2 

0.40 

0.3- 

-1.31 

-1.26 

0.06 

•i.4l 

0.164 

C.1C7E 

01 

C.025 

0.077 

0.4326-02 

0.  14 

C.77 
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APPENDIX  A4 

SAMPLE  OUTPUT  FOR  MEDIUM  HIGH  PRESSURE  RANGE 

C6h  <  pQ-ps  <  Ah) 


The  symbols  used  in  this  output  are: 


Depth  Ratio  =  depth/thickness 


Pressure  Difference  =  (p  -p  ) /h 

^o  ^s  ' 

Pressure  Ratio  =  p  /p 


TAUF 

ZZ 

Tf 

TAU1 

= 

Ti 

TAUO 

= 

T 
O 

REST1,  REST2,  REST3  and  IFl ,  IF2  ,  IF3  are  related  to  the 
subpro gramme  subroutine  that  solves  for  T,,  x, ,  t 
and  have  the  same  significations  as  in  Appendix  A3. 

RPO  =  (Poe~T°  "  Ps)/h 

RP1  =  (pQe"Tl  -  ps)/h 

RPF  =  (p  e~Tf  -  p  /h 

TAU  =  t 

UO  =  u 
o 

Ul  =  u1 

U2  =  u2 

AK1  is  condition  (2.2.2.3.43) 

DAM  and  DBM  are  coefficients  of  the  x3  term  and  x2  term 
respectively  of -the  polynomial  PM(x)  inside  the  curly 
brackets  of  the  m'  expression  defined  in  (2.2.2.3.46) 

DPM2  =  PM(1)  value  of  PM(x)  at  x  =  1. 
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DNP1  =  u,  -  S/2 
DNP2  =  u2  -  S/2 

where  S  is  the  sum  of  the  roots  of  theequation: 

PCx)  =0 

P (x)  being  the  polynomial  of  2nd  degree  inside  the 
curly  brackets  of  the  xn,  expression  in  (2.2.2.3.37b). 

PNP1  =  P(u1) 

PNP2  =  P(u  ) 

DNT1  =  R1 (u2) 

DNT2  =  R'  (1) 

where  R' (x)  is  the  derivative  of  R(x) ,  which  is  the 
polynomial  inside  the  curly  brackets  of  the  n„  expres- 
sion  in  (2.2.2.3.40a) 

PNT1  =  R(u2) 

PNT2  =  R(l) 

Other  symbols  in  the  second  stage  of  motion  have  the  same 
signification  as  in  Appendix  A3. 
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APPENDIX  A5 

INSCRIBING  AND  CIRCUMSCRIBING  THE  EXACT  TRESCA  YIELD 
SURFACE  BY  THE  UNCOUPLED  DIAMOND  YIELD  SURFACE 


I .  Circumscribing 

The  uncoupled  diamond  yield  surface  f_  =  1  (Table 
2.1.3.3)  is  a  convex  polyhedron.   To  have  this  surface  cir- 
cumscribe the  exact  Tresca  yield  surface  f   =  1,  it  is 
necessary  to  expand  the  polyhedron  until  it  is  exterior  to 
the  surface  f   =  1.   This  will  be  the  case  if  each  of  the 
eight  planes  of  f   =  K  (K  >  1)  is  exterior,  or  tangent,  to 
the  surface  at  the  point  where  the  normals  to  the  two  sur- 
faces are  the  same.   Because  of  symmetry  and  since  the 
planes  n,-n„  =  +  1  and  m, -nu  =  +  1  of  L  =  1  are  already 
exterior  to  the  surface  f  =  1,  it  is  sufficient  to  consider 
the  two  planes:  n,+n„  =  1  and  m, +m„  =  1. 

Using  a  procedure  analogous  to  Section  3.7  of  Reference 
[17] ,  we  find  that  the  corresponding  circumscribing  planes 
are  respectively: 

(PI)  e  nx+n2  =  2,    (P2)  E  n^+n^  =  2 

the  points  of  contact  being  (1,1,0,0)  for  (PI)  and  (0,0,1,1) 
for  (P2) . 

Therefore  if  the  surface  f   =  1  is  subjected  to  an 
expansion  of  ratio  2  it  will  be  exterior  to  the  surface 

fT  =  i. 
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II .  Inscribing 

Because  of  the  convexity  of  the  yield  surfaces  and 
since  the  surface  f   =  1  is  a  polyhedron,  to  have  it  inscribe 
the  exact  Tresca  yield  surface  f  =  1,  it  will  be  sufficient 
to  require  the  vertices  of  f   =  f  (0  <  f  <  1)  to  lie  on  or 
within  f   =  1. 

Furthermore,  since  both  surfaces  are  symmetric  with 
respect  to  moments  and  direct  stresses,  only  2  of  the  16 
vertices  need  be  considered.   They  are:  P(0,f,0,f)  and 

Q(0,f,f,0).   We  find  that  P  is  on  the  surface  m„  =  1-n^ /  and 

-1  +  ^5 

with  m„  =  n„  =  f,  we  find:   f  =  = =  0.618  and  Q  is  on 

the  surface  m,  -m~  =  1  -  (n-,-n„)5  and  with:  n-,=0,  n;?=f/ 

-1  +  /5 

m,  =f,  m  =0 ,  we  find  f  =  ~ =  0.618. 
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